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Nonlinear Scaling Laws for Parametric Receiving Arrays 

Part II  Numerical Analysis 

by 

J. W. Kesner and F. H. Fenlon 

ABSTRACT 

This report outlines the procedures used in a computer program for 

calculating nonlinear scaling laws for parametric receiving arrays. The 

basic equations, the program input and output, the program listing, and 

sample computer runs are included. The program output is in the form of 

curves for harmonic amplitudes as a function of range, the "extra dB loss" 

as a function of range, and parametric receiving array beam patterns at 

given ranges. Both detailed analytical solutions and approximate solutions 

are available in the computer program. 
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THEORY 

Part I of this report covers the theoretical analysis that foms 

the basis of the colter program Ih. s.Uent equations are presented 

here to indicate what the conputer program does. 

The spectral a^litudes *n of the axial pressure field are given by 

the solutions to the differential equations 

n 
dR 

(A+C)^ - jCB-SWCN)^ DE Y  * (1) 

where T 

■ 

n 

R 

A 

B = 

C = 

. . Vfo 

Vo 
ATTF 

SALN 

SWK 

- D 

öo 

G SWCN 

D 

is the complex spectral amplitude of the nth harmonic in 

the pressure field 

is the nomalized range = range/Rayleigh distance 

0 for plane wave cases 

1/R for spherical wave cases 

R/(l+R
2) for mixed (plane and spherical wave) cases 

1/(1+R2) for mixed cases with phase 

0 for plane, spherical, and mixed-no phase cases 

^yy^vo^™ 
source frequency to pump frequency ratio 

attenuation coefficient at f0 times the Rayleigh dxstance 

1 + o.69145*SALN/(l+n2*SWK ) 

water salinity in parts per 1000 

sea wate. K 

(n/4)(fs/f0)ao 

scaled source tone 
2   2 

0.69145*SALN*DDT*Co*(koro)*n/(l+n *SWK ) 

       



  

: 

. 

C  =  small siimal speed of sound (=1500 m/s in program) 
o 

k r = wavenumber times Rayleigh distance at £ 
o o 0 

DOT ■ 0.538*10'9*(1-6.54*10'4*PRES) 

PRES = pressure in atmospheres . 

A differential equation solving routine, VODQ, which is described in 

Appendix A, is used to solve equation (1) for 4^. Only those equations 

which are non-zero are included in the solution vector. The program user 

specifies the number (NHL) of lower harmonics (of fs) and the number (NHH) 

of higher harmonics (of f ) that he wants to consider. These harmonics are 

the only ones that are used in the differential equation. For example if 

NHL = 3, NHH = 2, and f /f =10, then the solution vector would only 

contain 

V V V V V V 'IO' *IP hi' \y V 'is' h9> ho* hv '22* hy 

By definition  ^ = 0. 

and        "P  ■ y  ■ complex conjugate of ¥ . 

By specifying NHL, NHH, and £0/fs the infinite sum in equation (1) becomes 

a finite sum over at most 

NHL + NHH*(2*NHL+1) 

different positive values of m. For harmonics other than the ones deter- 

mined by NHL, NHH, and (f0/fs), \ = 0. 

The initial va Lues of ¥ that are used depend on the type of problem 
n 

that is being solved. If the user simply wants to see the harmonics 

generated by a single frequency then the initial value of H^ = (0+.1) and 

all other initial * values are zero. 
n 

6 



, , „,.,,,„.,.,,.,.,. „  

' ■ 

* 

» m 

If the user wants an up-converstion case then 

*NFR = i0+jl) Where m   "    fo/f5 

and   ^   ■ CO+.P) 

where  P = PSO for a plane wave case 

= PSO*EXP(-a r /NFR ) otherwise. 

PSO = signal to pump amplitude ratio. 

At each normalized range R the incoming signal is fed into the differential 

equation as 

Y-. ■ PSO*EXP(-ct r *R/NFR2)*{sin(ARG) + .cos(ARG)} 
1        v o o J 

2^ where     ARG ■ 2*Ckoro)*R*(fs/fo)*sin
2(0/2) 

and        0 = angle of intersection between signal and pimp 
wave normals. 

If the user is interested in a difference frequency case then 

Wl = ^j0^ ^  ¥NFR = (0+j0-5) 

for the two primary frequencies and the difference frequency amplitude 

will be generated in f,. 

The extra dB loss for Y, is computed from the formulas 

EXDB = - {20*log10(4'1(R)) + 8.686*aor0*R}   for plane wave cases 

EXDB = - {20*login(4'1(R)) + 8.686*a r *(R-1) + 20*log10(R)} for spherical 
wave cases 

EXDB   -    -  {20*log10(4'1(R)) + 8.686*aoro*R + 20*log10(/T+R2)}    for mixed cases. 

.  _  _._     _ __... _ 
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APPROXIMATE EXPRESSIONS 

Approximate expressions for ip-, (R) and *MpD+i(
R>e) were generated 

in part I of this report. These are also included in the computer 

program as an alternative to solving the differential equations. The 

user has the choice of two expressions for iK(R). One uses the El 

function and the other involves a definite integral. The integral 

form seems to give better results. These expressions are given below. 

Approximate expression for $. (R) — El form. 

$.(R) = EXP (-a r *R) for plane wave cases 

^(R) ■ 
EXP (-a r *R) 

^ o o y 

Rp/l+(a /2) 2*EXP(4a r )*{El(2a r )-El(2a r *RP)}Z 
o o" 0' '        ^0 0" 

where RP = R for spherical wave cases 

and RP = 1+R for mixed cases. 

Approximate expression for IJJ-, (R) — integral form. 

o o 

^(R) = 
EXP (-a r *R) oo 

Rp/l+(a0/2)
Z*{^b EXP(-2ctoro*R)/RP dR}' 

where a=0, b=R, RP=1 

a=l, b=R, RP=R 

a = 0, b = R, RP =V1+R' 

for plane wave cases 

for spherical wave cases 

for mixed cases. 

Approximate expression for ^MTD+TC^»9) 

Wl^ = 

{(a0/2^EXP(-aNFR+1ro*R)/RP}* fu  XP*^1 CX)*EXP(aoro*X)*cos(KX) dX 
a 

(2) 
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where     «^^ -  Cl+fs/f0) Vo 

K ■ 2(ksro)*sin2(0/2) 

ksro - cyyVo 

Vo =  W2/2 

k a = wavenumber at £ times radius of circular piston 
o o 

projector 

a--0, b = R, RP = 1,XP=1  for plane wave cases 

a = 1, b=R, RP=R, XP=X  for spherical wave cases 

a = 0, b = R, RP •Yl+ir, XP =Vl+X2   for mixed cases 

e = angle of intersection between signal and pimp wave normals. 

^^^^ 
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PROGRAM INPUT 

The computer program may be run from a remote terminal or by cards 

as a batch job. The data for the program is in free field format which 

means that the data does not have to be in any particular column. 

Input variables which begin with the letters I, J, K, L, M, N are 

integers and should not have any decimal point. All other variables 

must have a decimal point. For lines of input data that have more than 

one number the data values must be separated by commas. 

Input 1     NOC = number of separate cases being run 

Input 2      LUP, LPS, NFR, NHL, NHH, NAR, NSG, LAP, NSC, IBM 

LUP = 1 for one frequency harmonic studies 

= 2 for up-conversion cases 

= 3 for difference frequency cases 

LPS = 0 for plane wave cases 

= 1 for spherical wave cases 

= 2 for mixed cases with phase 

= 3 for mixed cases without phase 

NFR = f /f = pump frequency to signal frequency ratio 

NHL = number of lower harmonics (of f ) 

NHH = number of higher harmonics (of f ) 

NAR = number of a r values 
o o 

NSG = number of o values 
o 

LAP = 1 if the approximate expressions are to be used 

= 0 if the analytical solution is to be used 

NSC = 0 for range scaling without a 

= 1 for range scaling with a 

IEM = 1 for beam pattern (only if LUP =2 and LAP = 1) 

= 0 for no beam pattern 

6 
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Input 3      XMAX ■ maximum range scale value 

Input 4      AR(L), L = 1 MAR c.^ values 

Input 5      SG(L), L = 1, ..., NSG oo values 

Input 6      SALN, PKES, TEMC, ITA, SWK, AKDA 

SALN ■ salinity of water in parts per 1000 

PRES = pressure in atmospheres 

TBC ■ temperature in degrees centigrade 
(not used in present version of program) 

ITA = 1 for Marsh ^ Schulkin form 

■ 2 for Russian form 
(not used in present version of program 

SWK = sea water K 

AKDA = k a = wavenumber at f times piston radius 
o o 

Input 7      IAP (input only if LAP = 1) 

LAP = 1 for El approximate form 

= 2 for integral approximate form 

Input 8      REM, TMAX (input only if IBM = 1) 

RM ■ normalized range R at which beam pattern is taken 

TMAX = maximum angle in degrees between pump and signal 

normals. The beam pattern is from 0o(on axis) 

to TMAX. 

Input 9      PSO, LPP (input only if LUP = 2) 

PSO = signal to pump amplitude ratio 

LPP = 1 for only the «I'vjpn.T curve plotted 

= 2 for only the 'I'xipj^ curve plotted 

= 3 for both the ^R.-L and ^^  curves plotted 

■ , - -"..v - r " -if. f irim^^.^.,*.^~.±. ^r.^^.^^^JL^-^^ .rff.W|.^f tei^^i^^:^AJi^^.^i^„^.^.^^ J 
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'ROGRAM OUTPUT 

. 

The program output is in the form of curves for the axial harmonic 

amplitudes (^(R), ^2(R), ^R^CR). %R+I(
R
)) 

as a faction of range, 

the "extra dB loss" of MR) as a function of range, and parametric 

receiving array beam patterns (^{^(M)) at given ranges. A variety 

of range scales are used. For plane wave cases the range scale is aoR 

or R. For spherical wave cases the range scale is aoln(R) or ln(R). For 

mixed cases the range scale is oo arcsinh(R) or arcsinh(R). The "extra 

dB loss" curves are plotted against R. The ^R^W and ^R+^R) curves 

are plotted against R for plane, spherical, and mixed cases. 

Many cases were run during the development of the program in order 

to test the validity of the answers that the conputer program was giving. 

Several of these test cases are included in the figures to show the com- 

parisons between different assumptions, such as plane wave, spherical wave, 

and mixed wave cases, and to show the accuracy of the approximate expressions. 

Several figures are included to show the versatility of the computer pro- 

gram since it will handle harmonic studies, up-conversion cases, and beam 

pattern studies. All the figures shown were also chosen with the idea 

of demonstrating how the harmonic amplitudes and beam patterns change 

with the various parameters, such as aoro, a0, and f0/fS' 

Figures 1 and 2 are plane wave cases that show ^(R), ^tf^» and 

ij^-CR) for two values of or and four values of C!
0/a

0
T

0' 

Figures 3 and 4 are spherical wave cases that show ^(R), ^(R)» 

and extra dB loss for two values of a r • 

Figures 5, 6, and 7 are mixed wave cases that show ^(R), ^OVU 

and extra dB loss for three values of a r and compare the curves generated 

by the approximate and analytical methods. In addition, figure 7 covers a 

range of five a   values. 

«. 8 
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Figure 8 compares the spherical and mixed wave curves for i^/'h 
1 

? id ^«/^1 with similar curves previously generated by Fenlon . 

Figure 9 shows the similarity of the two up-converted signals 

*NFR-1(R) and %R+1
(R)- 

Figure 10 conpares ^vrpn+i (R) as generated with the mixed phase and 

mixed no phase assumptions and with the mixed approximate integral 

I expressions. 

Figure 11 shows ^Mpo+i(R) for three values of f0/f • 

Figure 12 shows ^xtT,n , (R) for two extreme values of a r and two " NFR+1 oo 

extreme values of a  . o 

Figure 13 shows up-converted beam patterns for three values of 

f /f at two different ranges. One range is at the peak of the ^vrpn+iCR) 

curve and the other range is in the far-field of the ^^^^.-1 (R) curve. 

Figure 14 shows up-converted beam patterns for four value of o 

at two different ranges. Some of these patterns are near-field patterns 

and some are far-field patterns because the peak of the ^MTO+I(R) curve 

changes with a , 
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CCMffiNTS ON THE PROGRAM 

The user should have a good idea o£ the normalized range scale 

he is interested in so that he can input an appropriate value for XMAX. 

It was found that using NSC = 0 (no o scale) was often more convenient 

when plotting curves for a range of a values. For up-conversion cases 

using the approximate expressions it is important to use a value of XMAX 

that is not too large because the ifu (R) curve is preconputed at a finite 

number of points over the range up to XMAX and interpolation is used for 

values of R other than those prestored. Because of the steep rise and 

peak of the iK (R) curve it is necessary to have several points in this 

region. Otherwise, a poor representation of iK (R) will result and the 

resulting "Wn.,. (W curve will be no good. Program running cost was the 

main reason for prestoring the iK (R) curve. 

One suggested change to the program is to include a multiplying 

factor G inside the summation of equation (1), but only for the m = - « 

to m = 0 terms in the mixed with phase case. The suggested G term is 

Gm = 1/(1 + 2m/((l+R
2)*(f0/fs))). 

Another suggestion for making the program more complete is to 

replace the term cos(KR) in equation (2) with the term sin(KR) + j cos(KR). 

If the product KR in equation (2) is large enough then false lobes 

can appear because of the accuracy limitations in numerical integration 

of a rapidly varying function. These false lobes have shown up in figure 13 

where the product KR is very large for some of the cases. 

10 



As an added feature, the conputer prograin has been set up so that 

difference frequency cases can also - e run. Most of the necessary changes 

to the program have been made, but nave not been thoroughly checked out. 

If anyone would like to use the difference frequency part of the program 

it is suggested that he contact the authors first. 

For more details of exactly what the computer program does, the 

reader is referred to the program listing which is included in this report. 

11 H 
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APPENDIX A 

Included in this appendix are descriptions o£ the packaged routines 

that are used in the program. The routines VODQ, ROMBS, and DEI are 

from the JPL Fortran V Subroutine Directory, Edition No. 4, October 1970. 

The routines TSCALE, TSETUP, and TPLOT are from the Westinghouse Research 

Laboratories Fortran library. 

Al 



JPL FORTRAW V SUBROUTINE DIRECTORY 25 SEP 70   12-2 

12.1.  INITIAL VALUE PROBLEM 

12.1.1.  NUMERICAL SOLUTION» S.P. AND D.P. 

12.1,1.1.  IDENTIFICATION 

NUMERICAL SOLUTION OF ORDINARY DIFFERENTIAL EQUATIONS. 

LAN6   FILE       ELT/VFRS SIZE ENTRY NAMEs 
F-V   JLIU*JPL»   VOI60/JPL     5257(8 )=2735( lO  VODO, VODQ1, VODQG 

SUBROUTINE USED!  «NONE« 

COGNIZANT PERSON:  P. T. KROGH, SECTION 314» JPL» 1969 JUNE 10 

12.1.1.2.  PURPOSE 

THIS SUBROUTINE COMPUTES THE NUMERICAL SOLUTION OF THE INITIAL 
VALUE PROBLEM FOR A SYSTEM OF ONE OR MORE ORDINARY DIFFERENTIAL 
EQUATIONS. 

12.:.1.3.  REFERENCE 

1. F. T. KROGH» VODO/SVDO/DVDQ - VARIABLE ORDER INTEGRATORS FOR 
THE NUMERICAL SOLUTION OF ORDINARY DIFFERENTIAL EQUATIONS. 
SECTION 3U SUBROUTINE WRITE-UP» JPL» MAY 1969. 

2, F. T, KROGH» »ON TESTING A SUBROUTINE FOR THE NUMERICAL 
INTEGRATION OF ORDINARY DIFFERENTIAL EQUATIONS»» JPL» SECTION 
514» TM NO, 217» MAY 1969. 

12.1.1.4.  PRECISION 

THIS SUBROUTINE IS PRIMARILY SINGLE PRECISION» USING DOUBLE PRECI- 
SION ARITHMETIC ONLY AT A FEW CRITICAL POINTS.  TWO OTHER VERSIONS 
OF THIS SUBROUTINE ARE ALSO AVAILABLE:  SVDQ» WHICH IS ENTIRELY 
SINGLE PRECISION, AND  DVDO» WHICH IS ENTIRELY DOUBLE PRECISION. 
SEE THEIR WRITE-UPS FOR MINOR DIFFERENCES IN USAGE. 

12.1.1.5.  REMARKS 

THE ORDINARY DIFFERENTIAL EQUATIONS MAY BE OF ORDERS  1»2»3» OR 4» 
AND NEED NOT ALL BE OF THE SAME ORDER.  IT IS SUGGESTED THAT IF AN 

A2 
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ORDINARY DIFFERENT 1AI. EQUATION I? OF ORDER  ^,3» OR H,    IT SHOULD 
BE TREATED AS SUCH, RATHER THAN BEING REFORMULATED AS A SET OF 
2»3f OR H     FIRST ORDER ORDINARY DIFFERENTIAL EQUATIONS.  THIS 
PERMITS THE USE OF INTEGRATION FORMULAS WHICH HAVE BETTER NUMERI- 
CAL STABILITY. 

12.1,1.6.  METHOD 

THIS SUBROUTINE USES LINEAR MULHSTEP PREDICTOR-CORRECTOR 
OF THE ADA S-NiOULTON TYPE WITH THE APPROPRIATELY GENERALIZED 
FORMULAS FOR ORDINARY DIFFERENTIAL EQUATIONS OF ORDERS  2»3» AND 
4.  THE SUBROUTINE SELECTS THE ORDER  (!»*»..,, OR 9)  OF THE 
FORMULAS INDEPENDENTLY FOR EACH ORDINARY DIFFERENTIAL EQUATION OF 
THE SYSTEM ArlD THEN SELECTS A STEP SIZE TO BE USED FOR THE ENTIRE 
SYSTEM.  THESE SELECTIONS OF ORDER AND STEPSIZE ARE RECONSIDERED 
AND POSSIBLY CHANGED AT EACH STEP.  THE SELECTION IS BASED UPON 
MAINTAINING NUMERICAL STABILITY AND MEETING THE USER'S REQUESTED 
LOCAL ACCURACY. 

THE SUBROUTINE PROVIDES SPECIAL RETURNS BASED UPON EITHER THE 
NUMBER OF STEPSf THE VALUE OF THE INDEPENDENT VARIABLE» VALUES OF 
THE DEPENDENT VARIABLES» OR VALUES OF AUXILIARY FUNCTIONS.  ONLY 
THE FIRST TWO OF THESE FEATURES ARE DESCRIBED IN THIS WRITE-UP. 
SEE REFERENCE 1 FOR THE OTHER TWO FEATURES WHICH INVOLVE USE OF 
THE ENTRY POINT  VODQG. 

12.1.1.7.  USAGE 

INTEGER 

REAL 
REAL 

NEQ,KD(ttNlMJ,IFLAG,MXSTEP»KSTEP»KEMAX» 
KQ(ÖN7M) 
EP(ttN2«)»HMINA,HMAXA,EMAX 
F(öN3tt),DT(10»«Nt*«) 

DOUBLE PRECISION  T»Y(ttN5tt)»H»DELT»TFINAL,YN(WN6«) 

CALL  VODQ  (NEO»T»Y»F,KD,EP,IFLAG»H»HMlNA»HMAXA»DELT#TFlNAL» 
MXSTEP,KSTEP,KEMAX,EHAX»KQ»YN,DT) 
GC TO 6 

1 CALL  VODQl 6 GO TO  (10 »10 , 3C »«»U.bO »60. 7C»80 ) »IFLA6 

i» 

t "t 

1? tCOMPUTE  F( )  AS  A FUNCTION OF  T  AND  Y( ).  IF 
IFLMG = 2  THE VALUE OF  T  WILL BE UNCHANGED FROM THE PRE- 
VIOUS RETURN.  THUS THE USER CAN EFFECT SOME REDUCTION OF EX- 
ECUTION TIME BY EVALUATING ANY SUBEXPRESSIONS OF  F( )  WHICH 
DEPEND OH  T  BUT NOT ON  Y( )  ONLY WHEN  IFLAG = 1» AND 

A3 
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REUSING THESE VALUES WITHOUT RECOMPUTING THEM WHEN 
IFLAG = 2.3 
GO TO «» 

3? CAN OUTPUT POINT HAS BEEN REACHED UNDER CONTROL OP  DELT.] 
60 TO «< 

«♦? C  T  HAS REACHED THE VALUE  TFINAL.] 
GO TO ... 

50 CAN OUTPUT POINT HAS BEEN REACHED UNDER CONTROL OF 
MXSTEP.J 
GO TO t* 

60 CACCURACY APPARENTLY BEING LIMITED BY ROUND-OFF ERROR. - SUG- 
6EST THAT  EP( )  BE INCREASED.] 
GO TO ... 

7? C ABS(H) NEEDS TO BE LESS THAN -HMlNA  TO ACHIEVE THE 
ACCURACY SPECIFIED BY  EP( ).] 
GO TO ... 

80 CERRONEÜUS OR INCOMPATIBLE SETTING OF CONTROL PARAMETERS.3 

i 

| D 

ii 

THE DIMENSIONING PARAMETERS MUST SATISFY: 

«Nltt   /.GE.   1      IF     KD(I)>0» 
\.GE.   NEQ     IF     KD(lK0 

ttNZ«   /.GE,   I      IF     EP{1)>0» 
\.GE,   »KÖ     IF     EP(l)<'),     WHERE     «K«     IS   THE   SMALLEST   INTEGER 
FOR   WHICH     EP(ttKÖ)    ,GE.   0 

tUMHtHmtttUNlH   .GE.   NEC 

AIJSMrttNGM        .GE.   «KDTOTAL« 

«KDTOTALM  /.EO. KD(1)*NEQ  IF  KD(1)>0 
\.EO. SUM OF  IABS(KD(in  FOR  I = l»...rNEQ  IF 
KD(1)<0 

BEFORE CALLING  VODQ, THE USER MUST ASSIGN INITIAL VALUES TO 

fev 
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T  AND  Y( )  AND SET THE PARAMUERS  NFQ,KD( )»EP( )>H,HMINA» 
HMAXArUELT,TFlNAL,  AND  MXf.TEP,  THE USE« MAY CHANGE THE VALUES 
OF  EP( )  WHENEVER  IFLAG = 1, AND MAY CHANGE THE VALUES OF 
HMlNA»HMAXArDELT,TFIMALf  AMD  MXSTEP  AT ANY TlME. 

THE USER MUST COMPUTE  F( )  WHENEVER THE SUBROUTINE RETURNS WITH 
IFLAG = 1 OR 2. 

THE SUbROUTINE WILL CHANGE THE VALUES OF  T»Y{ )#IFLAG,H.KSTEP» 
KEMAX,EMAX»KÜ( ),YN( ),   AND  DT( )  DURING THE INTEGRATION.  ON 
RETURNS WITH  jFLAG r 3»<», OR 5  THE CURRENT VALUE OF THE SOLUTION 
WILL BE CONTAINED IN  T,Y( ),  AND  F( ). 

THE SUBROUTINE PARAMETERS ARE DEFINED AS FOLLOWS: 

NEQ      NUMBER OF DIFFERENTIAL EQUATIONS IN THE SYSTEM, 

T        INDEPENDENT VARIABLE,  MUST BE SET TO ITS INITIAL VALUE 
BY THE USER,  THEREAFTER " T  WILL BE CHANGED BY THE 
SUBROUTINE, 

{Y(I),I=l,ttKDTOTVLtt)   DEPENDENT VARIABLES,  FOR SYSTEM OF FIRST 
ORDER EQUATIONS  Y(I)  IS THE  I**WTH«  DEPENDENT 
VARIABLE,  IN THE CASE OF HIGHER ORDER EQUATlONSr THE 
FIRST LOCATIONS OF  Y  CONTAIN THE DEPENDENT VARIABLE 
ASSOCIATED WITH THE FIRST EQUATION AND ITS DERIVATIVES UP 
TO ORDER ONE LESS THAN THE ORDER OF THE EQUATION (WITH 
THE LOWER ORDER DERIVATIVES STORED FIRST). THEN FOLLOW 
THE VARIABLES ASSOCIATED WITH THE SECOND EQUATION, ETC. 
FOR EXAMPLE, FOR THE SYSTEM: 

U" = F1(U,U',V,V',T) 
V" = F2(U,U',V,V',T) 

THE  Y( )  ARRAY WOULD BE USED AS FOLLOWS: 
- 

Yd) 
Y(c) 
Y(5) 
Y('4) 

U 
U» 
V 
V« 

(F(I),I=1,NEG)   DERIVATIVE VALUES.  IF  «DI«  DENOTES THE ORDER 
OF THE I**öTHtt EQUATION, THEN F(I) IS THE ttDItU«ttTHH 
DERIVATIVE OF THE I**HTHtt COMPONENT WITH RESPECT TO T, 
THE USER MUST PROVIDE THE CODE TO COMPUTE  F( ), GIVEN T 

A5 
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AND  Y( ). 

KD( )    ORDER OF THE DIFFERENTIAL EQUATIONS IN SYSTEM,  DIFFEREN- 
TIAL EQUATIONS WITH ORDER GREATER THAN 4 CAN ONLY BE 
INTEGRATED BY BREAKING THEM INTO LOWER ORDER EQUATIONS» 
OR BY CHANGING CERTAIN  DATA  STATEMENTS IN THE INTEGRA- 
TOR,  IF ALL OF THE DIFFERENTIAL EQUATIONS ARE OF THE 
SAME ORDER THEN IT SUFFICES TO SET  KDU)  EQUAL TO THAT 
ORDER (KD(l)>n),  IF DIFFERENTIAL EQUATIONS OF MIXED 
ORDER ARE TO BE INTEGRATED»  KD  IS A VECTOR WITH KD(1»<0 
TO INFORM THE INTEGRATOR THAT THIS IS THE CASE,  THE 
ORDER OF THE  I**WTH«  EQUATION IS THEN GIVEN BY 
ABSUDd)),  (FOR  I>1 t     KD(I)  MAY BE EITHER POSITIVE 
OR NEGATIVE), 

• ■ 

EP< )    PARAMETER USED TO CONTROL THE LOCAL ERROR.  IF ONE WANTS 
THE SAME LOCAL ERROR BOUND ON ALL COMPONENTS» THEN 
EP(l)>0  AND THE ESTIMATE OF THE LOCAL ERROR IN EACH 
COMPONENT IS KEPT LESS THAN  EP(l)/ln,  FOR DIFFERENT 
ERROR BOUNDS ON DIFFERENT COMPONENTS» LET  EP(1)<0  FOR 
KttK«, AND LET  EP(WKH) ,GE, 0»  THE LOCAL ERROR CONTROL 
FOR THE  I**ttTHtt  COMPONENT IS THEN BASED ON 
ABS(EP(IM  FOR  KHK«  AND ON  EP(ttK«)  FOR  I ,GE, «Ktt, 
SUGGESTIONS ON HOW TO SELECT  EP( )  ARE GIVEN IN 
REFERENCE 1, 

IFLAG    PARAMETER USED FOR COMMUNICATION BETWEEN THE INTEGRATOR 
AND THE USER,  THE INTEGRATOR SETS  IFLAG  AS FOLLOWS: 

=i THE VALUE OF Y( ) FOR THE CURRENT STEP HAS BEEN PREDIC- 
TED, THE USER SHOULD COMPUTE F( ) AND CALL VODQl, IF 
A RELATIVE ERROR TEST IS DESIRED» THE NEW VALUE(S) OF EP 
SHOULD ALSO BE COMPUTED HERE. 

=2  THE VALUE OF  Y( )  FOR THE CURRENT STEP HAS BEEN COR- 
RECTED,  THE USER SHOULD COMPUTE  F( )  AND CALL  VODQl, 

=3  AN OUTPUT POINT HAS BEEN REACHED (SEE USAGE OF  DELT  )» 
TO CONTINUE THE INTEGRATION CALL  VODQl, 

=4 T=TFINAL, IF VODQl IS CALLED WITH TrTFlNAL AND 
IFLAG:*» IFLAG IS SET EQUAL TO 8, IF THE VALUE OF 
TFIIMAL  IS CHANGED THE INTEGRATION WILL CONTINUE. 

=5  KSTEP=KSOUT  (SEE THE DESCRIPTION OF  MXSTEP), 

=6  EMAXXJ.l  AND IT APPEARS THAT REDUCING  H  WILL NOT HELP 
REDUCE THE GLOBAL ERRO« BECAUSE OF ROUND-OFF ERROR.  IF 

A6 
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THIS OCCURS. A LARGER VALUE OF  EP( )  (OR OF 
ABS(EP(KtMAX))  IF  EP  IS A VCCTOR) SHOULD PROBARLY BE 
USED.  IF  EC  IS NOT INCREASED, TOO SMALL A STEPSI2E IS 
LIABLE TO BE USED.  WE HAVE FOUND THAI REPLACING  EP( ) 
WITH  32*EMA)UEP( )  wORKS REASONABLY WELL,  (NOTE THAT 
LMAX  IN MOST CASES WILL BE ONLY SLIGHTLY LARGER THAN 
D.I.. I 

=7  ABS(H)<HNiINA.  THIS MAY BE THE RESULT OF HALVING  H, OF 
COMING TO THE END OF THE STARTING PHASE WITH 
ABS(H)<HMINA, OR OF THE USER INCREASING THE VALUE OF 
HMINA,  IF ONE WISHES TO CONTINUE WITH THE CURRENT VALUE 
OF  H, SET  HMINA .LE. H  AND CALL  VODQl,  IF THE STEP- 
SIZE HAS JUST BEEN HALVED (IM WHICH CASE 
£MAX>C.l), ONE MAY CONTINUE WITH THE OLD STEPSIZE BY 
SIMPLY CALLING  VODQl,  (SUCH AN ACTION IS RISKY WITHOUT 
A CAREFUL ANALYSIS OF THE SITUATION,)  IF THE STEPSIZE 
HAS NOT JUST BEEN HALVED, SIMPLY CALLING  VODQl  WILL 
RESULT IN THE INTEGRATION CONTINUING WITH THE CURRENT 
VALUE OF  H, AND A RETURN TO THE USER WITH  IFLAG=7  WILL 
OCCUR AT THE END OF EVERY STEP UNTIL  ABS(H) .GE. HMINA. 

=8  ERROR INDICATION,  THE CONDITIONS WHICH MAY CAUSE  IFLAG 
TO BE SET EQUAL TO 8 ARE LISTED BELOW, 

WHEN CALLING  VODO: 

NEQ   ,LE,   r> 
H*DELT   ,LE,   0» 
KD=e     OR     KD>ii      (KD     A   SCALAR)! 
KD(WItt)ro     OR     ABS(KD(«Itt))>q     FOR   SOME     ttltt,ttltt=l,2»...» 
NEQ  (KD  A VECTOR)» 

WHEN CALLING  VODQl: 

iFLAGr^  AND  TrtFlMAL» 
EP=C  AND  HMAXA^OI 
H*(TFlNAL-(INITIAL VALUE OF  T))<ü  AND THE ESTIMATED 
ERROR IN EXTRAPOLATING TO  TFlNAL  FROM THE INITIAL POINT 
(USING A FIRST ORDER METHOD) IS LARGER THAN PERMITTED BY 
EPI 

WHEN CALLING  VODOG   WITH  NG*0: 

i 

NSTOP<0  OR  NSTOP>ABS<NG)  (SEE USAGE OF THE  V0DQ6 
ENTRY IN THE COMPLETE WRITE-UP) 

A7 
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IF  VODQl   IS CALLED WITH  IFLAG  SET EQUAL TO 8, THE 
PROGRAM IS STOPPED AND AN ERRO« MESSAGE IS PRINTED. 

H THE STEPSIZE,  H  CAN BE EITHER POSITIVE OR NEGATIVE. 
WHEü SELECTING THE INITIAL VAL^E OF  H» THE USER SHOULD 
REMEMBER THE FOLLOWING: 

1. THE INTEGRATOR IS CAPABLE OF CHANGING  H  QUITE 
RAPIDLY AND THUS THE INITIAL CHOICE IS NOT CRITICAL, 

2. IF IT DOES NOT LEAD TO PROBLEMS IN COMPUTING THE 
DERIVATIVES (E.G. BECAUSE OF OVERFLOW OR BECAUSE OF 
TRYING TO COMPUTE THE SQUARE ROOT OF A NEGATIVE NUMBER)» 
IT IS BETTER TO CHOOSE  H  MUCH TOO LARGE THAN MUCH TOO 
SMALL. 

HMINA    MINIMUM STEPSIZE PERMITTED (AFTER THE INTEGRATION IS 
STARTED).  AFTER THE INTEGRATION IS STARTED, AND WHEN  H 
IS HALVED»  ABS(H)  IS COMPARED WITH  HMlNA,  IF 
ABS(H)<HMINA  CONTROL IS RETURNED TO THE USER WITH 
IFLAG=7, 

HMAXA    MAXIMUM STEPSIZE PERMITTED. 
IF DOING SO WOULD RESULT IN 

THE STEPSIZE IS NOT DOUBLED 
ABS(H)>HMAXA. 

. DELT 

1 . 
TFINAL 

OUTPUT INCREMENT.  DELT  MUST HAVE THE SAME SIGN AS  H. 
INITIALLY  TOUT IF.   SET EQUAL TO THE INITIAL VALUE OF  T. 
WHENEVER  T=T0UT  A RETURN IS MADE TO THE USER WITH 
IFLAG=3.  (THUS. IN PARTICULAR» A RETURN IS ALWAYS MADE 
AT THE INITIAL POINT).  WHENEVER  VODQl  IS CALLED WITH 
IFLAG=3»  TOUT  IS REPLACED WITH  T+DELT.  IF  TOUT  DOES 
NOT FALL ON AN INTEGRATION STEP» OUTPUT VALUES ARE 
OBTAINED BY INTERPOLATION ON THE FIRST STEP THAT 
(T-TOUTUH>ü.  INTERPOLATED VALUES FOR BOTH  Y  AND  F 
ARE COMPUTED. 

FINAL VALUE OF  T.  WHEN  T  REACHES  TFINAL»  CONTROL IS 
RETURNED TO THE USER WITH  IFLAG=1,  OUTPUT VALUES ARE 
OBTAINED BY EXTRAPOLATION IF  TFINAL  DOES NOT FALL ON AN 
INTEGRATION STEP.  IF ONE CHANGES  TFINAL  DURING THE 
INTEGRATION SO THAT  (TFINAL-T)*H<Ü»  AN IMMEDIATE 
INTERPOLATION IS PERFORMED TO OBTAIN THE OUTPUT VALUES. 

MXSTEP   MAXIMUM NUMBER OF STEPS BETWEEN OUTPUT POINTS.  WHEN 

i 
A8 
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VO0Q1  IS CALLED WITH  > .LE. IFl.AG .LL. 5»  K50UT  IS 
SET EQUAL TO  KSTFP 4 MXSTEP.  AT THE END OF EACH STEP» 
KSTtH  IS INCREMENTED AND COMPARED WITH  KSOUT.  IF 
KSTEP .GL. KSOUT  COtJTROL IS Rf TURNED TO THE USER WITH 
IFLAGrS.  THUS IF  DELT  IS SUFFICIENTLY LARGE» CONTROL 
WILL HE RETURuED TO THE USER WITH 
STEPS. 

IFLAG=5  EVERY  MXSTEP 

KSTEP NUMDER OF INTEGRATION STEPS TAKEN. 

KEMAX    INDEX OF THE COMPONENT RESPONSIBLE FOR  EMAX  (SEE BELOW) 

EMAX     LARGEST VALUE IN AMY COMPONENT OF  (ESTIMATED ERROR)/ttEtt 
WHERE  ttE«=ABS(EP)  FOR THE COMPONENT UNDER CONSIOERA- 
TIOiM.  ORDINARILY THE STEPSIZE IS HALVED IF  EMAX>0.1. 
HOWEVER» WITH A RECENT HISTORY OF ROUND-OFF ERROR LIMIT- 
ING THE PRECISION» VALUES OF  EMAX  AS LARGE AS  1  ARE 
PERMITTED. 

(KO(I)#I=l,NEQ)   VECTOR USED TO STORE INTEGRATION ORDERS.  KQ(I) 
GIVES THE INTEGRATION ORDER USED ON THE  I**«TH« EQUATION 

(YN(I)rI=l,MKDTOTALK)   WORKING SPACE.  (VECTOR USED TO STORE  Y 
AT THE END OF EACH INTEGRATION STEP). 

((DT(I»J)»I=1»10)»J=1»NEQ)   WORKING SPACE. 
COMPUTED OY THE SURROUTINE), 

(DIFFERENCE TABLES 
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11.1,1,  QUADRATURE, OIJE-OTMtrfJSlONi r,,P, 

11.1.1.1.  IDENTIFICATION 

QUADRATURE, ÜNE-DlKENSlONAI.# PINOLE PRECISION 

Pf) r.rP 70   11-2 

LANG 
F-V 

FILE 
LlBoJPLf 

L'l T/vERS 
ROMPS/JPI. 

r.l7f FNTRY NAMES 
ITM (r.)-(f-,ni( IP»  ROMBS»ROM2 

SUBROUTINES USEDJ  HNUNE« 

COGNIZANT PERSONS: w, R, BUNTON AND M, DlETHEl.M» 
JPL, SECTION Sl'l» jn6rj LFf'T 3n 

11.1,1.2.  PURPOSE 

OBTAIN APPROXIMATE EVALUATION oC A ONE-DlMfNS10NAL DFFIN1TF 
INTEGRAL «Y NUMERICAL QUADRATURE. WINHV. 

ANS - TUE INTEGRAL FROM  A TO 0 OF Em+DX 

U.l.1.3. PI FEREi-JCr-': 

W,   E,".TCN,   M.   OJETHEI 
SUPPCjTlili,   TO 
M£M0P^^nu.M T"1 

n??^Me??l!PL^Jh   nFSCniPTl0N   Cf:   THIS   SURROUTINE,    INCLUDING   A 
DISCUSSION   OP   A   VARUTV   Or   TEST   CASES.   SEE: 

WILEY   R.   dUNTON.   MKHAE.I.   UIETITLM.   AND   l<ARFN   HAlGlEP.    •»nMnFor 
QUADRATURE   SUBROUTINE   TOP   SINGLE   AND   r^-l. T in! E   FiTl ORAL S' ?  SPL 

DIETHELM;    G,    V/Illjr,    < MOPjf TED   ROMPT PG   OUANPATUPr • 
*u^l   ^ll^1   -S'^-UK.   COMPUTING»,   JPL   /riTEPNA 
31^-.. JM •   '■' PH.   1 .    1 97 j„ 

W,   nUfJTON,   M0   DlETirif',    »Nonir-fATroNS   Tn   THf     iPl    Rr.Mncnr 
SUBROUTINLSS   TM   Sl'ViH?,    I   Sr.'V,    lov,;. J' '"   f -'M|,r,?G 

ll.l.l.'f,      METHOD 

THIS   SUBROUTINE   COMRTirf,   TECHNlPMrr,   rl,ftM   .nnUnro^i    *..,^   . .« 
STEP»   QUADRATURE.   MEVftOn^        T F   ' ■-' '   .   rrt   ?M   l'^,6.    AN?   «ADAPTIVE 
SU8INTERVAL     L^i)     C^    HE    ^'■ V^ v^,;/'^^ V ^n/^r'<n 

TO   APPROXIMATE   THE   INTEGRAL   OV:';.'l, n-   SU^NTEP^  n}'USJ^^HRIE 

AID 

■ , ,j.- 
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STAGES or no-iii I''; OD/UX'ATUI'! .    nu'. Rrm'iiuf, i VALUATION or THE: 
INTEGRAMO AT f-jVl (OUAILY M'AfT'J I'OINT!,» 

IF THIS OUADnATimp. IS f'rr,A|.nri) Ar", SUCCr^SFIIl. Cf-f.: ERROR CONTROL) 
THE SUBROUTIK'h Will.. Ann TH( VAI 'K. OnYASMfTO TO A RUNNING SUM AND 
PROCEED TO TREAT A NEW OTSJOlMf SURiNTlfRVAL OF THE SAME OR 
GREATCK LENGTH, 

IF THIS QUADRATURE ?S NOT f'F G,Af;f)rn A/; SUCCESSFUL AND THE CURRENT 
STEP LENGTH IS CRLATER VHAH  MMl!   VHEN Viir ElinROUTINE WILL 
REJECT THE RESULT FOR Tlir cnpRENV SN[, Tf iT[ ir,//\l. AND TAKE THE LEFT 
HALF OF THE SUfelNTf  'AL AS THE I'll; i.UM J.NTf RV'Al. TO HE TREATED. 

IF THE CURRENT STfP LENGTH IS  HM)M  OR SMALLER» THEN THE 
SUBROUTINE WILL ACCEPT THE CUUREM" RESlH-T AND PROCEED TO THE NEXT 
SUBINTFRVAL» WRITING A MESSAGE ON FORTRAM UNIT f) IDENTIFYING THE 
SUBINTEPVAL Oil WHICH THE ACCURACY TEST WAS NOT SATISFIED,, 

11.1.1.5.  ERROR CONTROL. 

THE OUADRATURE IS REGARDED AS SATISFACTORY OVER A PARTICULAR 
SUB1NTEPVAE IF 

1.  THE ESTIMATED RELATIVE ERROR 0^ THE QUADRATURE OVER THAT 
SUB INTERVAL IS AT MOST  (RMAXf  OR 

2.  THE ESTIMATED rRIW IN THAT SUB-lNTERVAL RELATIVE TO THE 
ACCUMULATED VALUE OF THE INTEGRAL UP TO AND INCLUDING THAT 
SUBINTLRVAL IS AT MOST ERMAX,, 

5.  THE ESTIMATED ABSOlNVL ERROR OVER THAT SUBINTERVAL IS AT 
MOST . 1«AL<S( ERMAX ) . 

11.1.1.6.  PARAMETER CHECKING 

THF SUBROUTINE WILL TEf'MINAVE EXECUTION WITH A PRINTED MESSAGE 
AND A STANDARD EXEC fl wALK-BACl' (PETNPN V)    JE TNI GIVEN PARAMETERS 
DO NOT SATISFY 

- ■ 

, 

A<B» OP A>n» BUT NOT A"r^ 
0<,<HMlNfLE.HSTAR.LE.HMAX AND 

RELATIVE - 0,<ERMAX<ltC» BUT NOT ERMAX=n. 
ABSOLUTE - ANY NEGATIVE NUMBER^ BUT NOT =0. 

IF A.ST.O OR IF HSTAR.GE,(n^A)/^» ONLY A WARNING MESSAGE 
IS PRINTED. 

All 

COPY AVAILABLE TO 000 OOES NOT 
PERMIT FULLY LEGIBLE PROOUCIION 

•• . 
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11.1.1.7.  USAGE 

REAL     Af LJi X, FOFX» HfjAR» MMlN# UMAX» ERMAX» ANS 
INTEGER K» KEY 

[ASSIGN VALUES TO A, P>,   Mf,TARr HMlM» UMAX» ERMAX» AND KpY] 

CALL ROMBS(A»D»X,FOFX»HSTARrHMIN»HMAX#ERMAX»ANS»K»KEY) 

10 [EVALUATE THE INTEGRAND USING THE CURRENT VALUE OF  X  AND 
STORE THE RESULT IN  FOFX.] 

CALL  ROH2 

IFIK.EQ.I) GO TO 10 
[QUADRATURE 15 COMPLETED.  RESULT IS IN  ANS, 1 

THE SUBROUTINE PARAMETERS ARE DEFINED A^ FOLLOWS: 

A,B 

X 

FOFX 

H5TAR 

HMIN 

UMAX 

ERMAX 

LIMITS OF INTEGRATION.  REQUIRE A NOT-B. 

VARIABLE SET BY THE SUBROUTINE FOR INTEGRAND EVALUATION 
IN THE USER»^ PROGRAM, 

VALUE OF INTEGRAND COMPUTED BY USER'S PROGRAM USING THE 
ARGUMENT  X. 

SUGGESTED INITIAL ETEP SJ7F,  THE INITIAL STEP SIZE» H» 
WILL BE SET AT H=.-fil* (B-A ) IF HSTAR . GE . ( B-A )/'♦, OR AT 
HSHSTAR IF MSTAn.LT. (B-A/t.  THE FIRM SUBlNTERVAl WILL 
BE OF LENGTH if.+H AND WILL REClUlRE FIVE EVALUATIONS OF 
THE INTEGRANB AT XrA» A*»»» . ,«A+^tH,  SUGGEST 
HSTAR.GE,(B-A)/U, 

REQUIRE   HMIN .LE. HSTAR .LE. H"AX. 

REOUIRL MINIMUM  ALLOWABLE   r.TEP  SI7E 
HSTAR 

0. < HMIN ,LE, 

MAXIMUM ALLOWABLE STEP SIZE.  REQUIRE   HSTAR .LE. HMAX, 

TOLERANCE ON RELATIVE OF ABSOLUTE ERROR.  SEI" DISCUSSION 
ABOVE UNDER 'ERROR CONTROL«.  REASONABLE SETTINGS FOR 
ERMAX WOUID RE IN THfi RANGE FROM 1,E.-.H TO 1 E-7   IF 
GREATLR ACCURACY IS REQUIRED.  SEE THE >.'R IVE-UP'ON ROMBD. 
IT IS REQUTREH THAT O.LT.FRMX.LT.1, FOR THE RELATIVE 
ERROR TEST,  OfJE SHOULD «NOW THE RANGE OF THE ANSWER 
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ANS 

KEY 

THE FINAL VALUE 0! Till IMTffiRAl .  AVAU-AOLE WHEN  R0M2 
RETURNS WITH !<=;?, 

URANCHINO FLAf, SET BY THE SUHROuTINE FOR USE IN THE 
USER'S PROGRAM,  Krl  MEANS THf USER SHOULO EVALUATE THE 
INTEGRAND AT  X, STORE THE VAL'T III  f-OFX,  AND RE-ENTER 
R0M2.  Krr  MEANS THE COMPUTATION IS fOMPLETED ANQ THE 
VALUE IS IN  ANS, 

FLAG TO CONTROL PRINTING OF TRROR MESSAGES,  PREVIOUSLY» 
ANY VALUL OF KEY NOT = 7 WOULf) WRITE A DIAGNOSTIC MESSAGE 
WHEI'J H BECAME,LT.HMIN,  THE INPUT VALUES HAVE PEErj 
CHANGED SO THAT WHEN 

ACTION 
KEY=S  PRINT INTERMEDlATf T AND Y VALUES) PRINT THE HMlN 

oiAonosTic  IF nirrcTEO. 

= f)  PRINT INTERMEDIATI T AMP y   VALUES» DO NOT PRINT 
THE HMIN DIAGNOSTIC. 

-7  PO NOT PRINT TllE ^   AND Y VALUES OR HMIN 
DIAGNOSTIC. 

=ANY OTHER VALUE  PRINT THE HMIN DIAGNOSTIC IF 
DETECTED. 

THE 1 VALUES PRJislTEP ARE T(l,p), T M. , 1 ) , AND T (2 «• 0 ) . THE 
PRINTEf Y VALUES ARE THE FUNCTIONAL EVALUAT.TONS Y(l) THRU 
Y(5) AT THE .POINTS X» X + H o , „ , , X i'H I,  SEE REFERENCES. 

i: 
■: 

mm 

il.i.i.e.  REMARKS: 

THE FOLLOWING NOTES MAY RE APPl.ICAI'I.E FOR r^if^FICULT INTEGRANDS. 

1. IF IN DOUBT, ONE SHOULD USE A SMALL VALUE OF HSTAR.  THE STEE 
SIZE H CAN DOUBLE OulCKLY AND THE ir.ER IS PfNALlüED ONLY A 
SMALL NUMBER ON FUNCTIONAL [VALUATIONS WHILE HE INCREASES HIS 
CHANCES OF GETTING AN ACCURATE APPROXIMATION MANY FOLD, 

2. BE CAUTIOUS WHEN RELATIVE  E^MAX IS .GT. 3n-J,  IF 
HSTAR,LT, (B-AJ/i,1 , BUT NOT SMALL ENOUGflf AND THE FUNCTION IS 
OCCILATORY, VERY DlFFICULTr ETC.» RO^DS  CAM PETURN A WRONG 
ANSWER.  EXAMPLE:  F(X)=X*SlN5nX*C0S^ ON TUE INTERVAL (0»2PI), 
HSTAR = A.57r TfUIE ANSWI: H=-,CC%72t^, A RELATIVE TOLERANCE OF .1 
GAVE -^SL-S» AND A RtLATIVE TOLERANCE OF .C'l GAVE U.lflfll DAD 
ANSWERS. 
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3, ALSO FOR RELATIVE F.RMAX ,LTJ.n**-f,.  IF TMF RELATIVE ERROR IS 
ASKING FAR GREATER THAN f.   '.TGNIf IrAMT DIGITS ONE IS PUSHING THE 
ACCURACY OF THE UMIVAC IK/*.  ON A MlGMI.Y OCCXLATORY» VERY 
DIFFICULT PRODLEM.  ROMfiS  MAY 1)1. JAKTM" TlIOU'.A:If)', MORE 
FUNCTIONAL EVALUATIONS AND N'H nrAUilNG THE ACCURACY IT DID AT 
.t*?**-^. EXAMPLE: SAME FOO AS ADOVF WHEN GIVIN mi ERANCE WAS 
l0««-6» ANS^.^C^V^OU WITH A -'ni:o t IINCTIONAI I VAUATIOriSl RUT 
WHEN WHEN EF-MAX-10<'*-B» ANS:: ^VlOi'-^Vf^S AND I0»j>f>7 FUNCTIONAL 
EVALUATIONS, 

H, IF ONE WANTS A ROUGH APPROXlMATTON OF THE INTRGRAL» HE CAN SF.T 
HMIN=HSTAR=HMAX.  A FIXED Svrp IMTRGnATION 0!: THE FUNCTION WILL 
TAKE PLACE.  BE SURE THAT I'EY-V» Oil MANY DIAGtJOSTICS MAY BE 
PRINTED. 

A14 
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'♦.2.15.1.   IÜENTIFICATI ON 

EXPONENTIAL INTEGRA! 

LANG   FlLE 
F-V    Llb*JPL$ 

ELT/VERS 
DEI/JPL 

SIZE ENTRY NAMES 
DEI 

SUBROUTINES USED: DEXP,DLOG 

4»2(i3f2i   PURPOSE 

VwiuA'Ill?" FR0M T=-"*'«TY  TO  T=X OP 

?E^I:T?;??:S^ 
FROM

 
T
^ 

TO
 ^INFINITY OF 

'♦•2.13.3.   METHOD 

«•'•iZ.H,        ACCURACY 

ÄS^ «C^C^IT^?^^0^^^.^^ 
11(,8 ^ THE 

INTERVAL 
OF X MAXIMUM   RMS 

RELATIVE  RELATIVE 

("150' "♦>   2.20-i6   5.10-17 

A15 
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(-'»» -1) 7,1.0-17 1.20-17 
(-1» C» M,7n-18 l.t)D-l8 
(?» O.S) 1.0D-1G« 3.10-17* 
{?.tj» 6) rj.bD-17 1,C0-17 
(6» 12) 1.60-17 3.0D"lfl 
Hit   ZU) ^.90-17 7.10-18 
(2'*» IOC) 8.90-17 1.90-17 

CF. E.W. N6» COMM. ACM VOL. 13» «7» PR, ^8-M9. 

«♦.^.IS.S.   USAGE 

DOUBLE PRECISION DEI» X 

USE THE FOLLOMNG FUNCTION IfJ A FORTRAN ARITHMETIC STATEMENT; 

DEKX) 

WHERE UEI IS THE COMPUTED VALUE OF THE EXPONENTIAL INTEGRAL. 

4,2.15.6.   LIMITATIONS 

CI{0)r-IliFlNITY IS APPROXIMATED BY -7.2075 AMD EKX .GT, 
m.673) IS APPROXIMATED BY +7.2075. 

THESE LIMITATIONS WERE ORIGINALLY IMPOSED FOR THE IBM/360 AND HAVE 
NOT BEEN MODIFIED FOR THE UNIVAC Ilu8, 

«♦,2.15.7.   ERROR EXITS 

NONE 

A16 

.^.tia^ji^m^^,^ .^.^j^^^i^i^^ .^^M^.^^,^,^^ 



— '■" ■   " '  ■   '■' ■- ""■" ' '. ,".1 ' Ml 

TSCALE 

Specifications: 

SUBROUTINE TSCALE (V.NPTS.VLOW.VHIGH,FIRST,IXORY) 
INTEGER NPTS,IXORY 
REAL V(NPTS),VLOW,VHIGH 
LOGICAL FIRST 

Purpose: 

To scan the array V to obtain the minimum and maximum values, 

which are then used to establish a range which produces a rational 

scale for the axis. 

Usage: 

: 

■ 

The subroutine should be called a£ 

where 

TSCALE(V,NPTS,VLOW.VHIGH,FIRST,IXORY) 

V ■ array containing data to be scanned 

NPTS = number of points in V to be scanned 

VLOW.HIGH = receives upper and lower values for the range of V 

FIRST = .TRUE, for first call for each plot, 

.FALSE, for subsequent calls which may be made 

for a multiple curve plot.  Note that all curves 

should be scanned via TSCALE for a multiple curve 

plot. 

IXORY ■ 0 for abscissa,1 for ordinate 

I . A17 
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TSCALE (Cont'd) 

Note: 

The abscissa is eight grids down the page, and the ordinate 

is 5 grids across. TSCALE need not be used if the range of values 

is known. 
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TSETUP 

Specifications: 

SUBROUTINE TSETUP(XLOW,XHlGH,YLOW,YHIGH,IEORF,IGRID,LABELX,LABELY) 
INTEGER IE0RF,IGRID,LABELX(1),LABELY(1) 
REAL XLOW.XHIGH.YLOW.YHIGH   " ' 

Purpose: 

To set up work area before data values to be plotted are stored 

(via TPLOT).  Labelling information, ranges of values for the 

abscissa and ordinate variables, and options for grid and annotation 

are input parameters. 

Usage: 

The subroutine should be called as 

TSETUP(XLOW,XHIGH,YLOW,YHIGH,IEORF,IGRlD,LABELX,LABELY) 

where 

XLOW,XHIGH = lower and upper values for the range of 
(YLOW.YHIGH) 

the abscissa (ordinate) variable 

IEORF " option to set the format for annotating the 

axes; supply 1HE for E-format (1PE10.3), or 

1HF for F-format (F10.3). 

IGRID = option to select grid; supply 1HG for grid, 

IHb (blank) for no grid. 
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TSETU? (Cont'd) . 

LABELXCLABKLY) = array containing the information to 

label the X(Y) axis.  LABELX(l) (LABELY(l)) 

contains the number of characters, and the 

labelling data itself is stored six characters 

per word starting in LABELX(2) (LABELY(2)), 

with a maximum of 30 (24) characters. 
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TPLOT 

Specifications: 

SUBROUTINE TPLÜT(PLOT,ICHAR,NPTS,XV,YV) 
INTEGER ICHAR.NPTS 
REAL XV(NPTS), YV(NPTS) 
LOGICAL PLOT 

Purpose: 

To store plot data and initiate plotting via PLOT control, 

Usage: 

The subroutine should üC called as 

TPLOT (PLOT.ICHAR.NPTS.XV.YV) 

where 

PLOT ■ .FALSE. If data values are to be stored and 

plotting deferred (for multiple curves on one plot); 

.TRUE, if data values are to be stored and plotted. 

ICHAR = single character used as plot symbol (e.g., 1H*) 

NPTS = number of data points to be plotted 

XV,YV = arrays containing the coordinate values to be 

plotted, i.e., (XV(I)),YV(I)) Is the Ith data point. 

Restrictions: 

1. If more than one data point occupies the same plot position, 

the most recent value processed will be used. 

2. Data values outside range specified by TSETUP will not be 

plotted, but will be listed below the plot. 

A21 

'•-^■^-"^liliaail. m.ifli.i.ii i       .^^.^feav^^^^^^..^. ,^*Li^i... , I 



Tl 

:: 

Figure 1 

(pages F2    to F4 ) 
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Figure 2 

(pages F6 to F8 ) 
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Figure 3 

(pages FlOto F12) 

Spherical wave case 
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Figure 4 

(pages F14to F16) 

Spherical wave case 
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Figure 5 

(pages Fl8to P22) 
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Figure 6 

(pages F24to F29) 

Mixed case 

a r = 10"2 
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ij», - mixed approximate integral form 
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EXDB - mixed no phase 

EXDB - mixed approximate integral form 
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Figure 7 

(pages F31to F38) 

Mixed case 

a r = 7.35 x 10 
o o 

oo = 0.1707, 0.3035, 0.5398, 

0.9600, 1.7071 

ip.  - mixed no phase 

tp.  - mixed phase 

ijj,  - mixed approximate integral form 

ip- - mixed no phase 

ij)» - mixed phase 

EXDB - mixed no phase 

EXDB - mixed phase 

EXDB - mixed approximate integral form 
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(page F40) 

Spherical and mixed cases 
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Figure 9 

(pages F42to F43) 

Spherical wave case 
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Figure 10 

(pagesF45 to F47) 

Mixed case 

a r = 10-2 
o o 

^xTm^T - mixed no phase NFR+1 r 

^NFR+l " mixed phase 

"^NFR+l " miye^ approximate integral form 
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Figure 11 

(pages F49 to F51) 
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Figinre 12 

(pagesF53 to F56) 

Mixed approximate integral case 
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Figure 13 

(pages F58to F63) 

Beam patterns 

Mixed approximate integral case 
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Figure 14 

(pages F65to F66) 

Beam patterns 

Mixed approximate integral case 
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li I MEM: lDr<   iCHPi 5>'»LBXD<2) ►LilXP<4) »LBVD<4) »LBY1 (2) »LEY.E: ■::£;'' 

1   LBYM" 3' iLBY3< 3^ »I.BY4 (3^ »LBXK4) JLEYT W 
G DMMQM   M. FPft T« R UP 0 < SI SO» Fi LPS J K S > NHL« MHL S1 J MFP» NHLc! > LUP» 

1     ,M ?5 j I Ht', K SM - K ' h 1 ' K ' Mc i Rk Oti. IBM t PBM 
1000   ^DPMPT    i    ' 
1 0 1 0   FHPMMT    I • • 5H   LI tP«i I 3« c":: I 5H   L PS" »13» 2X' 5H   MFP= t 13» 2X» ^H   MHL = • 

1 I3»2X<5H  NHH»»I3»2X»5H MPP"«I3»2X»5M NSS««13»^H LAP«»13» 
2 2X»5H  NSC«»I3»2H»5H   IBM«»13) 

1020   FDPMMT   r5H   MGC^-r-;:' 
1 0 3 0  f-'OPMPT   '■ 5H  P S0«»E1 0.4» 2X • 5h  LPP=» 13> 
1 040  PQPMftT   "r-H  XMftX«i£10,4) 
1 0 50  F DP MH T   • T H  H i.iP I.I «»5 <£ 10.4» '■■ >■. >) 
1 06 0  F DPMPT   ' 6H   "-1G0■»5 <£10.4» 3X >) 
1070 FOPMflT "rH ^BLN«>E10.4>3X»6M PPES«»€10.4»3X»6H TEMC»»F6.l»3X» 

1 SH I T H =. 1,3. 3X) ■-^H : WK«i £10.4? 3Xn 6H K 0»P=« E1 0. 4 :■ 
109 0 FDPMhT <5H   IflP«» I3'> 
1 090 FTIPMPT c5H PPM=. E 1 0. 4« 3X■> 6H TMHX= »F7• £) 
2 01 0 FORMAT t4H E P«> El 0. 4. 3X« ?H   KM I MH= . E1 0. 4 :■ 
2020 FGPMPT c^SH EPPÜF }H CÜMTPGL PPPPMETEPT:' 
2030 FDPMHT UOH RP^POX. FQM:. MOT VHI. ID FDR PIFF, »-PEG1..:' 
£040 FDPMHT '41H PPPPOX. EOHS. ONLY VPLIU FDC' MIXED CASES) 

PEPD lOOO'MDC 
PPIHT 1020»HOC 
DD 4 00 i«l»NOC 
t-EPD 1 0O0»LÜP»LPS»HFR»HHL»MHH» NftR»NSS»LAP»MSC» IBM 
PR I MT 1 01 0 p LU» J LP S« MFP - MHL» MHH» NAR« NSG■• LAP" NSC J IBM 
LIIP=1 FDF' MHPMDMIC STUDIES. =2 FDR UP-CGMVEP! IDM. =3 FDP OIFF. 
FPEG. 
LPS»0 PGP PLRME MAVEl =1 FOR SPHEPICRL- «S-FDR CDMDIMED PHASE 

«3 PGP COMBINED MG »HASE 
LRP=1 IF 'i^Nr APPROXIMATE EQURTIGMS-=0 OTHERWISE 
NSC«0 PGP MG SIGO SCALE»«! FDP SIGO SCALE 
It:M=l FDP BEAM PATTERN»*0 GTHEPMISE 
1FM=1 ONLY FGP LUP«2 RHD LRP=1 

;     I MPl 
IF 
PEP.    - 
PPIMT   li:i4i;uXMRv PFRMIT 
PER D   1 0 0 0 J (RP (.L'l » L= J » NAP ■'   . ' ww,l 

PR I NT   1 0501 tAR <L) » L"l P MRP:1 

PERD   1 0001 '■ ?i3 KL> !« L= 1 J MSG) ' 

:M=1   ONLY   FGP   LUP«2   RHD   LRF-1 _ 

iM .ooo.x^ C0Pt - Sa? LEGIBLE PR0DUCT10H 
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G 
• - 

li 

.53 0 
154 0 
155 0 
1560 i 
157 0 ( 
158 0 C 
1590 C 
16 0 0 1 
1610 
1620 
168 0, 
164 0 
1650 
166 0 
167 0 
168 0 
169 0 i 
170 0 
1710 
17£ U 
1730 
174 0 
175 0 
176 0 
177 0 
178 0 
179 0 
18 0 0 
1510 
188 0 
1830 
184 0 i 
185 0 
186 0 
187 0 
188 0 
189 0 
19 0 0 
191 0 
198 0 
1930 
194 0 
195 0 
196 0 
197 0 
198 0 
1990 
8 0 0 0 
8 01 0 
808 0 
803 0 
804 0 
805 0 

PPI NT   1 06 0 > • Si3 •: L • > L= 1 ♦ NSS > 
RE WD   1 0 0 0» L R L N» P P E S« T E M C i I Tfl» S Id K ' fl K 0 R 
PPI MT   1 07 0- : HLN, PPE3 ? TEMC i> I TH, S \M- « RK OP 
S«LN«SftUHITY   IN  PRPT3  P-EP   lOOOi   »0.   POR FPE3H MHTEP 

PPE:=PPES:UPE IN HTMQ^PHEPES 
TEMC=TEM

P
EPPTUPE IN DEGREES CENTIGRADE 

ITH=1   FDP   MhPlH+SCHULKIN   FORMl    =8   FDP   PUIilRN   FORM 
SWK«SEfl   l.-iRTEP   Ki   RkOR=KO*R 
TDRD«0.69i45*SflLM 
DDT = 0. 538E-?» (1. 0-6. 54E-4*PPES:' 
IF    'ITR   .EO.    I)    TR=7.867E-18»10. 0**' 1580. 0- • TEriC+Sr?. OV:' 
IF   (ITR   . EC1.    8>   TR= •: 1. OE-3-• 755. 0:• / <TE«C+873. 0> ♦ 1 0. 0*» •:934. 0■ 

1    'T£MC+273i 0> ■' 
IF   (LRP   .NF.   i:<   60  TO   118 
READ   1OÖOiIRP 
PRINT   1080.IRP 
IRP=l   cgp   1ST  RPPROX.   FORHf»2 FDP  8ND RPP^DX.   FDPM 

IF ■IBM .NE. I)    GO TD 805 
PERD 10 00.PEM.TMRX 
PRINT 1090IRBH»T«RX 

8 05 C01TINUE 
IF 'LP3 .GE. 8:- '3D TD 804 
PRINT 8 04 0 
GD TQ 999 

8 04 IF .IMP .ME. 3' GO TD 118 
PRINT 8 03 0 
GD TD 999 

118 CONTINUE 
IF    iUJP   .NE.    8:'    GD   TD   101 
READ   1000»PSO»LPP 
PRINT   1030IPSO#LPP 
LPP«1   FDP   ONLY   N-l   CURVE»»2   POP   ONLY   N+l   CUPVE.=3   FDP   BOTH 

101   CONTINUE 
ICHPa:'=- I" 
ICHP-:^:^-^- 
ICHP i-?:'=•■ :;■■■ ' 
ir;HP(4'=-4- 
ICHP':5'=■ 5- 
LBXD<i.»«l 
LEXIi (8 :'=■* •- 
IF    <.LPS   .NE.    0)    GO   TO   114 
IF   CNSC   .EO.    0'   GD   TD   801 
LBKPa-'=6 
LBXPf8:'=- 3IG0*P- 
GO TD 115 

801   LBXPa>«l 
Lt;XP'8:'=-P-- 
GD TD 115 

114 IF (LPS .NE. 1■ GD TD 116 
IF (NSC .50, 0) GD TO 808 
LBXP' l:'=10 
!_B>;;p.Pi='SIGO»L- 
LBKROi^-'NCRJ •- 
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■ 

u 
D 
0 
r 
:: 

206 0 
207 0 
2080 
2090 
81 0 0 
S11 0 
212 0 
2130 
21 4 0 
g 15 0 
21 «6 0 
217 0 
218 0 
£190 
22 0 0 
c'c11 0 
C d c' U 
2230 
££4 0 
££5 0 
2260 
££7 0 
2280 
2290 
£ ? 0 0 
2310 
2320 
£330 
£34 0 
£35 0 
2360 
£ 3 7 0 
£3 8 0 
239 0 
£4 nn 
24 1 0 
2420 
£43 0 
244 0 
245 0 
£460 
247 0 
242 0 
24 9 0 
25 00 
251 0 
252 0 
25 3 0 
254 0 
255 0 
256 0 
257 0 
rsto 

^n.-: 

1 16 

e o: 

115 

120 

<5G   TG   115 
LBXP<1'=5 
LBXPC2>«' LN<ft) ■ 
(5D  ID   iic' 
IF   <NSC   .EC.   0- oa TD 
LtXP-1-=15 
LBXP•2> = 'SIGO^ft' 
LBXP<3>»'RCSIHH' 
Lf;Xpr4:'=- -p. •- 
Gu ra 115 
LBXP<1>«10 
LBXP<2J = RPC: IN 
LBXP« 3) =-H':P> ' 
CDHTIHÜE 
LtYD'1'=13 
LBV0<2)«'EXTRA   ' 
LtVD':3'=-DB   LDS 
LBVD<4)«' S- 
LEY1'1'=4 
LBYl '£>=■• PSir- 
LBV2<1>»4 
LBY2'-2:'=-PSI2- 
LBYM'1'=11 
LBYM<2)»'DIFF.   ' 
LBYM-3'=   FPEQ.- 
LBY3<1>«8 
LEY3':2>=-P:il CN-' 
LBY3':3^= U ' 
LBY4<1)«8 
LBY4<2>«yPSI1H+- 
LBY4<3>«' D ' 
IF    (IBM   .HE.    l> 60   TG 
LBXTa>«19 
LBXT<2>"''RNSL6   • 
LBXT<3>«'DECREE' 
LBXT<4'='i- 
UBYT<n«2Ö 
LBYT':2:'=- PSI <H4" 
LBYT<3>»/n   PRE' 
LBYT<4>«'$SÜRE   '' 
LBYT'5:'=-DB- 
COHTIHUE 
DD  350  L"lfNftR 
^ORO'RR (L '■• 
nn 351 M=I.HSG 
SI50BSG '-M-1 

KWSS^XMRX^SISO 
IF   (NSC   .EO.   0) XMSG= 
FF'RT = 1. 0   HFp 
F2HP=FpRT**2   ♦ROPO 
IF    .LUP   .HE.    2> hü   TG 
pKOPO= (RK 0R**2) •• 2. 0 
PKR2-2.0#FRRT*RK OPO 

•03 

12 0 

^•IRX 

1 02 
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£'59 0 THET=0.0 
26 00 ST££=': IM'THET-9.OJ >♦♦£ 
861 0 108 CONTINUE 
8620 IF aftp .NE. 1>  50 rn  119 
86 3 0 CALL  HFPROX 

£64 0 60  ID   351 
8650' 119 CONTINUE 
£66 0 NHL£=£»MhL 
£67 0 NHL£1=HHL£+1 
8680 IF    -HFP   .LE. NHi.8)   '3D   TD   109 
£69 0 N«NH4>NHH*NHU81 
£7 00 l< iH = HHL£+l 
8 7 1 0 DD   109   J=l«M 
8780 HL.I=NML + 1+ i , 
£790 JMN = MGD'NL J.riHL£r:' 
£74 0 IF    ■JMN   .EQ. n,    JHN«NNt81 
£750 |-|JH= CNLJ-Ot 5 •MHL£1 
£760 JDNPINTC9JN) 
£770 kP=jiin*NFP+ ( JMH-HHL-l' 
£79 0 K i •: J>«KR 
£790 1 09 CONTINUE 
88 0 0 GO   TD   110 
881 0 1 09 H=HHH»MFP + riHL 
888 0 KSN-r^FR 
£9 3 0 DD   111   J=1'M 
£94 0 111 KS •■■J' = J , 
£95 0 110 CONTINUE • 
£96 0 KSNt«KSN-l 
£97 0 K::NC:=KSH+I . 
£99 0 NEQ=£*M 
£990 DD   105   K=1,H 
'£9 0 0 V<K)«0. 
891 0 VI (K > = 0. 
898 0 1 05 CONTINUE 
£99 0 IF    -LUP   .HE. £>   SO   TD   103 
£94 0 V^KSH   >«0. 0 
£95 0 W<k'SH   '=1.0 
£96 0 • 60  TG   118 
£97 0 1 0 3 IF    'LUP   .EC. 1:-   l.i a > = 1 . 0 
£990 IF    .LUP   ,NE. 3)   60   TD   11£ 1' 

£99 0 M (KSN) =0.5 
3 0 0 0 W<KSN1 »■0,5 
9010   C ASSUME  PUMP l -REQu.    IN   NPP-1»NFP RHD   niFF.    FPEU.    IN   1 
3080 118 CON1IHUE 
909 0 KD<1>«1 
904 0 HHM=iJ 
305 0 IF. .:LPS   .HE. 0:-   GD   TD   106 
906 0 C' = 0. 000 
307 0 PLOO. 0 
309 0 IF   (LUP   .EQ. 5;,     LiajrrPSO 
3 09 0 rFINRL»XMS6 
9100 FP.:1:J = 1. OE-3 
9110 H=TFIHRL*1. 0Ii-£ 
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. 

3it0 
313 0 
3140 
315C 
3t60 
3170 
3130 
319 0 
3 c: 0 0 
3210 
3SS0 
3£3 0 
3 34 0 
325 0 
326 0 
3270 
3280 
3290 
33 0 0 
3 3 I 0 
532 0 
3 33 0 
334 0 
335 0 
336 0 
■3 37 0 
3380 
3 39 0 

•3400 
341 0 
342 0 
3430 
344 0 
345 0 
346 0 
347 0 
349 0 
349 0 
35 0 0 
351 0 
352 0 
353 0 
354 0 
355 0 
3560 
357 0 
358 0 
3590 
36 0 0 
361 0 
362 0 
36 30 
364 0 

HMlNfl«TFINW.*i. 0E--4 
HMRXF^TFIHRL^.0 
DFj_T = TFINRL-20. I 
MX:TeP=20 
TFriD = TFIHHL-HMIHH 
130 TD 107 

lOb   IF   ':LFS   .i3E.   8)   GG   TQ   117 
P=l,ODO 
PLD=1.0 
IP    ' UJP   .EC.    8)    l.Kl > =pvO*E:KP'.-FPRT**..    ♦ROPfo 
TFIHflL«MHF<XHSS) 
EF<1 >*1. OF-3 
H=TFIHHLM. OD-2 
HMir<H=TFIHHL*l . OE-4 
HMRXH=TFINRi..- 2. 0 
DELT = DEXP r>:MSG.-£0. 0D0> -1. ODO 
MXSTEP«20 
T-FMD = TFINHL-HMIMR 
'3D TD 107 

H?   P=l . 01'-3 
RLD»0. 0 
IF    'UJP   .EC'.    8)   lil«: r>=PS0*E>:P':-FPRT*»2*R0^ir;i 
TPI NRL = DE;-::p •: XMSG;:' •■■ 2. OH0 
EP":l:'=l. OE-3 
H=TFIMPL*1.OD-2 
HMIHR=TFIMRL*1.OE-4 
HMRXH=7FIMRL-r:. 0 
IiELT = 0. 5D0*':DEXP'>;M:iG/20. 0D0>-1. 000) 
MX:TEP=20 
TFMD=TFIHRL-HMINR 

107 CONTINUE 
DD   104   KI»1»N 
y<8*KI-l)«VC>' I > 
y<8*KI)      =1,1-.k U 
lYNOa^O 

104  CONTINUE 
IX=0 
CALL   VDDQ < NEC1 ? R ? V»F« KOi EP > IFLRG» H t HMI MR. HMR:-IR ? DELT« TFINRL - 

1   MX 3 TFP. KSTEP« KEM^X» EMRX ■• KQ < YM» DT> 
GO   ID   6 

4   CRLL   VDDCl 
6   GO   TD   < 1 On 1 Oi 30i 40» 50»60t 70!« 90) » IFLRG 

10 CONTINUE 
IF   'UJ*   .ME.   8)    GD   TD   113 
FEFF»P.!: 0*EXP ':-F2RP*P-' 
pp:-::T=Fkp£*P*3T£2 
Va. =PEFP»i:IMi:FPST:' 
V'::2:'=FEFP*CDS'FPSrJ 

113   CONTINUE 
CRLL DEPIV(P«'•.••;■ 
GD TD 4 

3 0 IF ;p .GE. TFMD  ' GO TD 200 
CRLL OUTPUT "TR» Y) 

pnPY HMUILE TO DOC OffiS NOJ 
SIT FKIBU PRODUCTION 
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W50 
366 0 
36 7 IT 

368 U 
369 0 
37 0 0 4 0 
371 0 5 0 
3720 
37 3 0 6 0 
374 0 
3750 7 0 
376 0 
377 0 
378 0 
379 0 
38 0 0 
381 0 8 0 
:8c,0 
38 3 0 S 0 0 
384 0 3 0 0 
385 0 351 
386 0 
388 0 
389 0 
39 0 0 
391 0 
3 38 0 • 368 
39 3 0 
394 0 
395 0 
396 0 '-I t^.' -', 

397 0 361 
3 38 0 
399 0 . 36 0 
4 0 0 0 
4 01 i J 
4 08 0 
4 0 3 0 
4 04 0 3 08 
405 0 
4 06 0 
4 07 0 
408 0 ■-,   '. -j 

409 0 301 
41 0 0 
4110 
4180 
413 0 
414 0 3 05 
415 0 
4160 

.4170 

IF   ■ix   .SE, GQ   TO   300 

COPY Zf\»ji *r^«5rS 

IF    -LPl.   .EO.    0:.    150   TD   4 
IF    (LPS   .(-"'-    iy    DELT=P*'DE>;p (XMSi?-80. 0I.'0>-1 . 0D0:> 
IF    'LPT   .GE.    8>    DELT='F+O^rKD^^DEXP^XMiG'dO. ODO:'-! . 0D0:' 

i  D   TD   4 
SO   TD   8 00 
CRI.L   OUTPUT'P. Y' 
GO   TD   4 
EP':n = 38.*EMRX*EP'l:' 
GO   TD   4 
Hr-ilHH=HMir-JH-- 1 0. 0 
PRINT   S010»EP<1> »MM I MR 
TPHD=TFIURL-HMIHR 
UHM = r-IHM+l 
IF CNHM .LE. 3) GO TO 4 
GO TO 3 0 0 
PRINT 8 08 0 
GO TD 999 
CRLL OJTPUT'P'Y> 
CONTINUE 
CONTINUE 
IF 'IBM .HE. 1' .GO TD 36 0 
CRLL TSETUPvO.0> TMRXJ-50.OK 0.On IMF»1HG«LEXT-LBVT- 
DO 361 r.l=l,h3G 
DO 368 K«l>41 
PLXT 'K ^XT'i-.N.:' 
PLVT<K>»PftT<K»M) 
IF m   .EO. NS6) GO TD 363 
CRLL TPLDT-:. FRLSE. < ICHPtM"» » 4l»PLhT»S>LYT) 
GO TU 361 
CRLL TPLLTT'. TPUt. , ICHRW »4l»PLXT »PLYt'S 
CONTINUE 
GO TD 35 0 
IF (LUP .NE. 1> GO TO 315 
CRLL TtETUP '■ 0.0« XMRXn 0. Of 1. 0» 1HE« 1N6« LFXP? LEV 1 ■' 
DO 3ul N«liNSS 
DO 308 K»ltIX 
PLX'K;I=XP''^M:I 
P|_V (K) =PS1 (KiM) 
IF 'M .EC. NSG;- GO TO 303 
CRLL TPLOTCFRLiE. > ICHP^M^ . IX» PLXi PLY;' 
GO TD 3 01 
CRLL   TPLDT-:. TRUE. » ICHP W- % IX>PLK»PLY) 
CONTINUE 
IF    'LRP   .EC.    1>   GO   TD   317 
DD   304   M=1«NSG 
DO   305   K=l.IX 
PLX<K>«XP<K!iN) 
Pt Y <;k> «PSS <K i M1) 
IF    <M   .ST.    1.5    GO   TD   3 06 
CRLL TSCRLE<PLY«IX«VLDU«VHIGH,.TFUE.?1> 
GO TO 3 04 

:; 
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■ 

418 0 
4190 
4200 
421 n 
4c:c,0 
4£,:-:I:I 
4.='4 0 
4250' 
4c:6Ü 
4 £'7 0 
4280 
4891:1 
4 3 0 0 
4510 
4 38 0 
483 0 
4 34 0 
4850 
4 38 0 
4870 
4 38 0 
4 38 0 
44 0 0 
44 1 0 
448 0 
44 3 0 
444 0 
445 0 
448 0 
447 0 
448 0 
448 0 
45 0 0 
451 0 
458 0 
45 3 0 
454 0 
455 0 
458 0 
457 0 
458 0 
459 0 
48 0 0 
481 0 
4880 
4880 
484 0 
4t. 5 0 
488 0 
487 0 
^88 0 
4890 
4700 

314 

308 
307 
817 

51 0 

3 08 C HLL r: CHLE < PLY- I K i VLÜ'iU VHI HH< . FHL ?E . - 1 > 
3 04 CONTINUE 

CRLL TSETUP' 0. 0> WWX. 0. o»VHISHf IHEt IHS»LPXP»Li . • 
DO 307 N-l'M".8 
DO 514 K«ti IX 
PLX<K>«XP<K»M) 
PLY<K>*PS2<K»M1i 
IF   "M   .EQ.   NSG)   8G   TG   3 08 
CHLL   TPLDT':.FRLiE. > IUHP'M:' , IX, ^LX, FLY > 
GD   TO   3 07 
CALL  TPLOT<.TPUE.»ICHR<H)-IX»PLX»PLY) 
CONTINUE 
DCI  312  M»l»NSG 
no 310 i=i<ix 
PLX<K)«XO<KrM) 
PLY ^JO =XIiFl <K»M) 
PLY<1>«PLY<2) 
IF   <M   .ST.    1'   SO   TU   311 
CALL rSCftLE<PLYiIX»VLDW»YHISH».TPUE.-1> 
CRLL TSCf=ILE<PLXi IX»RLDW»RHI6Hi .TRUE. » 0,> 
SO TO 318 

311 CRLL irCRLE-PLY,IX»VLOW»VHISH».FALSE.»l> 
CRLL TSCALEfPLXi IX»PL0W»RHI6H» .FALSE. » 0.) 

818 CONTINUE 
CRLL TSETUP ' PLG, PHISH» VLGM» VHI6H» IHE» 1HG» LBXD, LBVD': 
DO 309 M«1»NSG 
DO 518 K«l»IX 
PLX(K)*XDfK»M) 

818  PLV<K>«XDB1 (KiM) 
PLVa > =PLV':8:' 
IP   'M   .EQ.   NSS^   SO   TO   518 
CRLL  TPLOT<.-FALSE. > ICHR<H) ? IX»FLX»PLY") 
60   TG   5 09 

313   CRLL   TPLQT -.TPUE. •> ICHP';>1.J » IX, PLX-PLY:- 
8 09   CONTINUE 

60   TG   55 0 
515   IF   a UP   .NE.    2)   SO   TG   58 0 

IF    <LPP   .EC.   £:■   SO   TG   587 
DO   5 51   f1«l«NSG 
DG   5 38   f=1,IX 
PLX<K'>«XD<K»M) 

5 58  PLY<K>«PSN1 <K»f4) 
IF   'M   .GT.    P   GG   TG   888 
CRLL TSCALE<PLY»IX»VLOW»VHIGHi.TPUE.,1> 
CRLL TSCRLE<PLX,IX,PLOW?PHIGH,.TPUE.,0> 
GG TG 3 31 

833 CRLL FSCALE '-PLY, IX, VLDWi. VHIGH, . FALSE, i P 
CRLL T8CRLE-:PLX, IX, PLGMi. PHIGH, .FALSE. > 0> 

5 51 CONTINUE 
CRLL TSETUP ':PLD' PHIGH, 0. 0, VHIGH, IHE, 1HG, LtXD, LEY3> 
DQ 5 54 M=1,NSG 
DG 585 K=l,IX 
PLX<K>«XD<K»M) 
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I 

. 

4710 3 35 

4720 
4730 
4740 
4750 3 56 
47':.(i 334 
1 ? 7 0' 
4780 
47''? 0 
4800 
431 0 342 
4830 
4830 
43 J 0 

4850 
4860 343 
4870 
4380 341 
4890 
43 0 0 

4810 
433 0 
433 0 345 
434 0 
4950 
433 0 
4970 546 
433 0 ?44 
433 0 
5 0 0 0 32 0 
5 01 0 
5020 
503 0 
504 0 322 
505 0 
506 0 
507 0 
503 0 • '• O ■": 

503 0 324 
510 0 
5110 
513 0 
513 0 
514 0 326 
515 0 
516 0 
5170 
5180 325 
513 0 321 
5200 350 
5210 4 0 0 
522 0 933 
WEND 

PLV^ »«PSNl (.1 'H' 
IF 'M ,EQ, NSS! 30 TO 5 36 
C HLL 1 PLLJI i . KHL ?E. I K HP i MJ » IX' PLX' PLV ) 
3G Ul 3 34 
CHLL   TPLÜT ' . TPUE. • KHPiM- , IXtPLXfPLY) 
COHTINUE 
IF    rLPP   ,EQ.    p   80   TO   350 
[IQ   34 1   M«l»NSG 
liQ   343   K«l» IX 
PLX'TK^-XIXK^M') 
PLY ,:>:::, =pvH2,'K?M ■ 
IF    CM   .ST.    1'    30   TO   343 
CftuL   TiCRLE'PLY«IX»VLOW»VHISMi.TRUE.»1> 
C3LL  TSCflLE"fPLX» IX»RLOy»RHI©H» .TRUE. » 0> 
30   TO   341 
LRLL   rSCBLEtPLY.i IX»VLOW»VrtISH» .FALSE. «• l> 
CALL  TSCBLE^PIX»IX»RLOW»RHI0Hi.FALSE.i0> 
CONTINUE 
CHLL TSETUP<RLO»RHIGH»0.0»VHI6M>IHE.lH6fLBXD»LBY4) 
JJO   344   M=l?ftS3 
DO 345 K=l' IX 
PLX •:K>=:KD':K .M' 
PLY<N)«PSN2<K»H) 
IF •'•]   . EQ. NSS) 3D TO 346 
CflLL TPLDT•.F3LiE.«ICHR<M)»IX>PLX»PLY> 
30 TO 344 
CALL TPLDT-.TPUE.»ICHR(M»»IXtPLX»PLY> 
CONTINUE 
30 TO 350 
IF 'LUP .ME. 3) 30 TO 350 
DD 324 M«liWS6 
HO 332 K«l»IX 
PI_:x;<k::'=XPi:K!.M;' 
PtY<K>«PSl <K*W 
IF <N .ST. t> GD TO 323 
CALL TSGALE <PLY»IXi VLOW» V'HIGH». TRUE.»1) 
30 TO 324 
CALL TSCALE (PLY * IX>VLOW»VHISMi.FRL SE,» D 
CONTINUE 
CALL TSETUP<0, OiXMAK».©. OJVHIGHJ IHE» IHG? LBXPJLBYM,? 
DO 321 M»l»NSG 
DO 326 K*l»IX 
PLX<KJ«KP<Kf M'J 
PLY';K:i=PSl ':>•:«M:- 
IF    .:f1   .EC.   NSG>   GD   TO   325 
CALL T^LOK.FALSE., ICHP^M,:- -. IX»RLX»PLY> 
GD TO 321 
CALL TPLDT <.T RUE.>ICHR <M)»IM»PLX« PLY) 
CONTINUE 
CONTINUE 
CONTINUE 
END 
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11 

1 

10 0 o 
1 01 0 
l 020 
l 0 3 O 
1 040 
l 050 
1 060 
1 0 ? u 
inxn 
1 090 
11 0 0 c 
1110 
112 0 
113 0 
1140 
115 0 
116 0 
1170 
11 e o 
119 o 
1 £ 0 0 
1210 
1220 
12 3 0 
1240 
1250 
12*0 
12 ? n 
1280 
1290 
1 ':'• 0 0 
i 31 0 
1320 
1330 
134 0 
13 5 0 
136 0 
1370 
13 SO 
1 39 0 
1 4 0 0 
1410 C 
1420 C 
143 0 
144 0 
145 0 
146 0 
147 0 
1430 
149 0 
15 0 0 

SUBROUTINE tpPWQt*. 
DI Mtfr: I Oh  F < 1 £ 0 > i k S < 6 0   '< t XP <ti» 5) !• XD <22»5>»PS 1 <2215 •■ ■■ 

1   PS2 «'22' 5 ' j Xlifc 1 ' 33 • 5> « PS N1 ' 33 ■> 5> » PSH2 f 33»5> » PS ILK C4£ > P 
:•   P'i j   , 4 j ., , y 7 i 4 i , S • . Pfl I" • 4 1 ' 5 ' 

nauBLE   PK'FCISIDN   DELTOtDEuTfP» fFINftL» J<MSG»XfttI€tTli 
1   DEL T 3' PEL 1 3« DEL T4 , DELT I 

r.OMMQH     hU 1   :: P»XDf PSl»PS2»XttBl> IX» IFLfiGi^iPSNl »PSN2» 
1   PLO)' 'HH'. , n r C -', r < PR T' T MHX 

L QHMON   N» F PAT > M OP0' 11G Oi Fi L** S > ^ S > NHL • NHL21 • NFP? NHL21 LUP» 
1   XHSG» IHP^ -fi'K SNl« KSN2» R* Oft< IBMi RBM 
IftP«l   FÜP   1ST  flPPPDX.   FDRH»   =3  FDP  2NB  ftPPPOX.   FOPM 

IF   'LP:   ,SE.   2)   SO TG  41 
IF  (t.ps .Eo.  i' GO ra 43 
R« 0,D 0 
R tO« 0.0 
TFINftL«XNSG 
DEl.TO«TFINRL ■30. 0D0 
DELTl»TFINFlL   1. 0Ü4 
DELT2«TFIHFlL/,l. 0D3 
D£LT3«TFINftL/l. 0D2 
DELT4=TFiriHL ■ 1 . 0D1 
GO   TG   4 3 

43   R«I.ODO 
RLO«i.O 
T":;INHL=[iEXP fXNSG) 

41 

DEL 
DEL 
DEI- 
DEL 
DEL 
GO 
fr-U 

RLQ 
TFI 
DEL 
DEL 
DEi_ 
DEL 
DEL 
IF 
B-RE 
THE 

IF 
DG 
XP = 
PLK 

PS I 
IF 
IF 

TO-LiEX 
n»OEx 
T2«DEX 
T3«DEX 
T4=DEX 
TÜ   4 3 
. D 0 
= 0. 0 
NhL=DE 
TO-DEX 
Tl«D£X 
T2«D£X 
T3-DEX 
T4=DEX 
'LUP   . 
STORE 
PE  HPF 

o. o 
<LPS   . 
1 0 0   1 P 

■:M: :0. ODO:- -1 . ODO 
P O.M3I5'-' 1 . OD4 ■ -1 . UDO 
RtrXM'iS/l . 0D3> -1. ODO 
P 'XMi.^-1. 0B2.)-l. ODO 
P CKMiG•• 1. 0D1 ' -1. ODO 

HP <Xf1SG,)/2f ODO 
P >'. '■■■■ M S G •■• 3 0. 0 D 0.» -1 . 0 0 0 
PO-'MSG- 1. 0D4:i-l 
P<XMSG.'l. 0D3.:'-i 
P • XM: b ■■ 1. ODE-'-l 
P':XMSi5,.-l. 0D1.J-1 
NE. 3.' SO TG 30 
PSII 'ZUPVE 

GTHEP  TECHNIQUES  FDR 

0 D 0 
0 D 0 
ODO 
ODO 

EVRLUPTING TME NESTED IHTEGPPL 

EQ.    V 
■ li42 

:=i. 0 

.:IP:'=XX 
[_K-; IP:'=FPi I (XRf ftORO» SISOl UPSl IJRP) 
t.PSIUK<"IR)    .LE.    1.0E-3iJ>   PSlL.KaR>=] . OE-30 
UP   .LE.    10>    DELTI = DELT1 
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I ■ 

■ 

1510 
1530 
1530 
154 0 
155 0 
1560 
157 0 
153 0 
1590 
16 0 0 
lb 10 
162 0 
1630 
164 0 
165 0 
166 0 
167 0 
168 0 
16?0 
17 0 0 
1710 
17£0 
173 0 
174 0 
175 0 
1 76 0 
177 0 
178 0 
1790 
18 0 0 
1310 
1320 
183 0 
184 0 
1350 
186 0 
187 0 
188 0 
189 0 
19 0 0 
191 0 
1920 
1930 
194 0 
1?5 0 
196 0 
197 0 
198 0 
1990 
2000 
£010 

IF    'IP   ,6T,    10   .HNO.    IR   .I_E.   £0>   riELTI = LiELTrJ 
IF   'IP   .GT.    3 0   .HMD.    IP   .LE.    3 0;.    [IELT I = IiELT3 
IF    'IP   .ST.    30'    DELTI=DELT4 
IF    -LPS   .EG*.    0:-    DELX=IiELTI 
IF    -LPS   .EQ.    D    [iELK=XX*DELTI 
IF    'LP'    .GE.   d)    liELX=<'KX + 0.5>»IiELTI 
KX=XX+DELX 

100 CONTINUE 
3 0   IP   •IBM   .HE.    1'   GO   TO   £0 

P=PEM 
TM>: = TMH>>2;. 14159- ISO. 0 
HTH-41 
GG   TD   31 

£0   NTH=1 
T MX =0.0 

SI   DG  £00   ITH«l»NTH 
THET=' ITH-l:'*TMX--40. 0 
KT<ITHfM)«THET^180.0-3.14159 

4 0   IX=IX+1 
IF    (IBM   .ME.    P   XIKIXJM^R 

IF   'LUP   .ME.    1>   GG   TG   50 
PS I 1 =F PS I <R» fl OR 01 S IG 0« LPS» I FlP :> 
IF   'Pill   .LE.    1.0E-£0:'   PSIl = 1.0E-£0 
psi aXfM>»Psn 
IF 'LPS .GE. 8> GG TG 52 
IF 'LPS .EC. 1) GG TG 51 
IF (MIC .EQ. 0:' XP': IX. M? =P 
IF CNSC . EQ. 1) XP <■ IX»M) «SIS0»P 
XDP1 '■ IX ? M -> =-£ 0. O^RLGG 1 0 (PS II > -8. 686*fl OP 0*P 
GG TG 6 0 

51 IF '• MSC . EQ. 0> XP • IXü M) ^DLGG <P> 
IF (N £C . EQ. 1 > XP (IX J M) =S IGO^DLGG (R> 
XDP1 (IX? M:' =-£0. O^RLGGl 0 (PSI I) -8. 686* ' ÜLGG (R) +ROPO* 

1 (R-l. 0D0> "■> 
GG TG 6 0 

5£ IF (NSC .EQ. 0:' XP ' IX. MJ =DLaG'i'P+DSQPT ••:P**£+1. ODO;-:■ 
IF (NSC . EQ. 1 ■' XP ': IXJ M:' =;■ IGO*DLQG (R+DSQPT '■P**£+l . ODO' :' 
XDE1 (IXfN) =-£0. 0*RLGG1 0 (PSI l'J-8.686* ':ROPO*P+ 

1 DLGG'USQPT ' 1. ODO+P**£>::'> 
GG TO 6 0 

50 IF a.l.ip .ME. 2) GG TO 60 
Rppp=-p*im:iPi.t*.: i. fl+ppftn ♦♦£ 
IF    (LPS   .EQ.    0:'    DPSM=1.0 
IP   (LPS   .EQ.    1-    DPSM=P 
IP   •■.LPS   .GE.    £>    DPSM=SQPT(1. 0+R**£J 
CGEP=':SIG0-£. O^EXP'iRPPR^DPSM 
THfeT£=THET'£.0 
SCK=£. Ö*FPRT* (RK 0R**£-' -£. 0   »SIN (THET£:' ^♦c' 
IF   (P   .LE.    O.DO:'   GG   TG   61 
R=0. 0 
IP   (LPS   .EQ.    n   R=1.0 
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:  i 

D 
V. 

£0£0 
2030 
£04 0 
£05 0 
£060 
£ 0 7 0 
£08 0 
£09 0 6 c 
£ 1 0 0 
£110 
2120 
£13 0 
£14 0 
£15 0 104 
£16 0 
2170 
£18 0 
£180 
££0 0 
££ 1 0 
£££0 
22 3 0 
££4n 1 0£ 
££5 0 
££6 0 
££7 0 
££8 0 
££9 0 101 
£8 0 0 1 08 
£310 
2320 
£380 
£84 0 
£850 61 
£36 0 6 5 
£87 0 
£380 
£89 0 
£4 0 ij 
£41 0 
2420 
24 3 0 bO 
£44 0 
£45 0 
£46 0 
£47 0 
£48 0 
£49 0 
£5 0 0 8 0 0 
£51 0 
2520 
i'.i'END 

^% 

E! = P 
H:THP='-F-H;'*I . 0E-£ 
HMIM='t:-H'*l. OE-4 
HMHX= '■t-FP •■£. 0 
ERMflX«!.OE-8 
KEY=0 
CRLL  RDMBS • H- B« X»FOFX»HS rfWR»HMfH»HHftXtEI?MflX» WS»KSTOP»KEV 
IF    <LPS   .EO.    0)    DHI = ] . 0 
IF    (LPS   ,EQ.    l>    DMI^X 
IF   (LPS   .SE.   £>   DNI*SÖPT<i.0*X#*g) 
IF   •;■:  .ST.   PLK.iv:.  GO TO  104 
F8IC=P:ILK'i- 
GD   TO  103 
PM«PSIL> •■!■■ 
PM--PLJ  -: 1 - 
P81i:-1 . 0E-£0 
DO   101    IF,=£.4£ 
IF   CX   ,ST.   PLK'. IPr:i   15a  TG   102 
PP=C'LK'IP:' 
PP=P81LK'IP' 
P SIO ' • X-PM ;i '• CRP-RM ■' ':> ♦ (PP-PM^   ♦PM 
80   TG   103 
pri = PLK' IP:' 
PM=P8ILK UP:' 
IF    'IP   .LT.    42)    80   TO   101 
PSIC«PSILK<42) 
80 TO 103 
CONTINUE 
CONTINUE 
FDFX«DNI*PS IC*C0S <SCK*X') ♦EXP (B0P0*X> 
CRLL ROM2 
IF   CRSTOP   .EQ.    15   60   TO  6£ 
80   TO   68 
RNS«0. 0 
FpP=CGEF»hiff;: 

v- ■ 

w 

N. 

v ■ 

IF CIEM ,NF. 1 
IF -IBM .ME. 1 
IF (ITH .EQ. 1 
PflT<ITH»M)"20. 

PSN2(IX»M>«flBS<PPP> 
80  TO  60 
PPT0«fiBS<PPP5 

0*ftLQSl 0 <RBS '::PPP> 'PRTO':' 
IF   r PRT ' I TH - Wi    . L T.   -5 0. 05   F RT <.; I TH> N5 =-5 0. C 
GO   TO   £00 
CONTIMME 
IF   (LPS   .£i?.    0-   L»ELT«DEL r0 
IF   -LPS   .EC.    1 :•    liEL.T = P*DEJ  m 
IF   -LPS   .GE.   25    IIELT=':P+I.I.5D0J»LIEL.10 

P=P + DEVr 
IF    flX   .GE.    ££>   SO   TO   £00 
IF   vP   .LE.    TF1MRL)   GO   TO   40 
CONTINUE 
RETURN 
EMD 
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D 

10 0 0 
1 01 0 
1020 
1 0 5 0 
104 0 
in jO 

1 Or. 0 
I 070 
1080 
1090 C 
11 0 0 c 
111 0 
11 a o 
II 3 0 
114 0 
115 o 
116 0 
11 7 0 
11911 
119 0 
1 £ 0 0 
1 £ 1 0 
1220 
1250 
1540 
1250 
126 0 
12?0 
129 n 
1290 
1 3 0 o 
1310 
1380 
] :-■ :■: o 
1340 
135 0 
136 0 
1370 
1 3 3 0 
139 0 
1 4 0 0 
1410 
142 0 
1430 
144 0 
145 0 
146 0 
1470 
1480 
1490 
15 0 0 
1510 
152 0 
15 3 0 
154 0 
1550 

;i.iE^nuTIME ri&Fiv'f- T> 
DOUBLE PRECISION ,;■» '•:;1S0,> »l*Sl»Rft21tfi!2lI»PI»l*tflST»XMSG 
CDMnOM M< FPHT « HOR 0» SISO» F»LP S»KS J MHLINHL21» MFP« NHL8>LUP ? 

1 " (M: H • JRP» »< : H • ^ S N1 > KSN2» RK OR« I BM ? RIM 
COMMOW  E;Lk 2 TDPD' DOTi rR»RLflST»R6QOt)»ySQQD» VLftSTi IVN« 

1      L lil1- 

I11 MEN" I \\H   F ' 1 2 0 > ' ^ .: C6 0   I ' c'GGOri' 6 0   > ' ViSDÜti < 6 0   > » YLR i T ' 6 0   » ? 
1      IVH'Tll     i 

JO10  pORMftl    flX»4H  ^I»»I3»£X»3H  R««E10.4) 
LpL = l,  F[jp  PLfiHE   WRVE»«1   FOR   SPMERICfiL»«2  PDF'  CDMBlNEti  PHRSE« 

•3   FOR  COMBINED  NO  PHRSE 
l-    'LP:   . SE.   2   .f/P.   LÜ^   .tu.   2'   SO  TO   14 
DO   15  lI«2»« 
1P   ir <2*KI'    .G£.    0.D0■   GD  TO   16 
IF    .1YH I* I >    . HE.    1 '   PR 1 NT   1 01 0« KI ■. P 
IVM'K D-l 
PGDnri'r 1 >=PLHiT 
YGaQD'h l>='iLiH:T'f- r? 
GD ro 17 

16 VLRI T ' F I ) =Y':'2*^ I > 
17 IP    'I'r'N'FI:.    .NE.    P    SO   TG   15 

I F"    ' Y r £♦ r: 13    , SE,    0. Ü0 '    SO   TO   1 5 
NNN«Ki'KI) 
ERRG»- < NNN ♦ ♦ 2 ■> ♦R OR 0♦ •. P -RSDOD < KI ">"' 
EXR"£XPfERRS) 
IP   (LPS   .Ei'1.   i-i>   DENR"1,0 
T^   'LPi   .£0.   I1   DENR«R/'R6aOD<KI) 
T' • 2 ♦KI) « V G Q Ü Ii •■ F I ■' ♦ £ X M ■-■ D E N P 
V <2#Ki>=o.DO 

15 CONTINUE 
14 CONTINUE 

IHF2 = 2*r-|+l 
jMT^rriPTi^DDT^lT'Oo. 0*RK0R**2 '2. 0 
iS|PF2*R09ftf fFRRT-) ♦♦2 
F.i2=0. 25*PPFlT*:S I GO 
R21»R**2+1.000 
RP21*R^R21 
P211 = l. OD0 ^'21 
IF    'LF'-    .EC.    1)   PI = 1. ODO-'R 
DO   100  LI«1»N 
i UM 1=0. 
SUM2«0, 

RTTF«1. ii+rr.iPri' • 1. 0*KT**2*SWK**£> 
DO   101   MM"1».INP2 
M--MM-M-1 
IF    <M   .60.    O)   GO   TO   101 
lMR»IflBS<M» 
MR«K ?:• IMR' 
IF    >■'■)   .LT.    0>    MH=-NR 
W*Y<£»IMR-l) 
iilM=Y'^♦IMR:' 
IF    (.M   .LT.    O;-    i.lM=-l.'M 
MM'=^ I-MR 
IF    'MM   .60.    0'   GD   TD   101, 
LMMR=IHE:S':MM:' 
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:; 

:; 

5<60 
57 0 ' 
59 0 
59 0 
S 0 ij 
61 0 
62 ü 
•:■ 3 0 
©40 
65 0 
660 
67 0 
680 
690 
7 0 0 
no 
79 0 
7 3 0 
740 
75 0 
76 0 
77 0 
79 0 
790 
9 0 0 
81 0 
89 0 
8 :; 0 
94 0 
95 0 
96 0 
97 0 
99 0 
99 0 
9 0 0 
91 0 
99 0 
9 3 0 
94 0 
95 0 
96 0 
97 0 
99 0 
99 0 

9 0 0 0 
£010 
9020 
909 0 
904 0 
905 0 
906 0 
907 0 
909 0 
9090 
91 0 0 

MHL.:'    Bü   TG    10 

KI   ■. GT. 
TQ   19 

NHL)   6G   TG   19 

IF    (LHMfl   .61.   '<S<H>'J   50   TO   101 
IF   <NFP   .LE.   NHL8)   SO   TO   11 
nFNH-NDD ft^MA» HFR1' 
IF   <MFHM   .61?.    0'   MFNM*NFR 
MH«IfiBS<NFR-MFHH) 
IF    a-lFHM   .LE.    NHL   .GP.    ''IM   .LE. 
SO   TO   101 

I o   (?Nf1N« <LNMfl-0. 5 • - MFR 
N«ÜH«INT (QNfW> 
M[i = MFNM 
IF   CMH   .LE.   NHL)   ND»NHL2l-HH 
INMfi«NNIIN*NHL2J ♦MB 
'3D TG 19 

II INMR=LNMR 
19 CONTINUE 

VMM = V'9*INt'lH-l .. 
yNM«Y'c^IMMH■ 
IF   'NM   .LTi    o:.   yNHs-WNN 
I UM 1 = SUM 1 -t-       •: iilhM^VM+VHM^i.lM:. 
:■ I IM9= 1LIM9+      (MNM*WM-VNN*VN > 

101   CONTINUE 
IF CLUP .HE. 3 .OR 
IF <LPS .6E. 9:' GO 
FPM = FF:RT*k: I 

l\fq= ,FPH+FPFH»*9:' 

DFB«FPPN*<1.O-^PH' 
THLHl=f I^PSE'^'DFR* 
TNLH9 = ^I*i:r"9*':DFR» 
60 TO 19 

13 rNLNl«KI*FS2#SUMl 
TNLN2«KI#FS2*SUM2 

19 CONTINUE 
TLH1=-V '■9*LI-1 ' ♦RPF9*1-:l**9 »RTTF 
TLN1 =TLH1 -V • 9»L 1 :■  »K I>Si-.lT - • 1. 0+K I ♦♦S 
TL.H9=-V'■9*LI >  ♦HPF9*KI**9 ♦HTTP 
rLH9 = TLH9+V (9*L I -1 > ♦KI ♦SMT ••-'.' 1. 0** I ♦♦c 
IF    (LPS   .EQ.    0:i    SO   TO   104 
IF    CLPS   .Ei?.    D   60   TO   105 
IF    -LPi   .EQ.   9:i   60   TO   106 
TLN 1 =TL HI -PR91 ♦'•.■''. 9*L I - !:• 
TLN2«TLN2-RR21 ♦V «,£*L I ■' 
6G   TG   104 
TLN 1 = TLH1 -RP91 ♦Y > 9*L I -1 :• +P911♦¥ ■,9*L I) 
TLH9= VLH9-RP91 ♦V <9*L. I:«      -P911 ♦V .<£*L I -1 
GO   TO   104 
TLH 1 =TL H1 -PI ♦■■.■■ •: 9»L I -1 :• 

■ I . 0+FPPH»*-9> 
.■•■■ ( 1 . O+FPPH*^:' 
^UHl+DFE^iUHE':' 
•UM2-ÜFBtSUMl> 

♦SMk'*«'« 

♦ ", l.lf:; ♦♦Pli 

1 06 

105 

104 

1 0 0 

TLH9=TI. H9-PI♦Y •:9*LI':1 

CONTINUE 
P<2»LI-1^»TLN1+TNLNI 
F <:9»LI • 
CONTINUE 
PLRST=P 
RETURN 
END 

=TLH9+THLH9 
COPY AVAILABLE TO ODC DOES NOT 
PERMIT FULLY LEGIBLE PRODUCTION 
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1 0 0 
no 
li'O 
130 
14 0 
150 
16 0 
170 
180 
19 0 
800 
c'10 
2S0 
£' 3 0 
£4 0 
£5 0 
26 0 
£70 
£3 0 
29 0 
3 0 0 
310 
52 0 
3 ? 0 
34 0 
350 
36 0 
370 
38 0 
39 0 
4 0 0 
410 
420 
430 
44 0 
450 
46 0 
47 0 
430 
490 
500 
510 

SUBRDÜTIN€  OUTPUT ^»Y) 
DQim E   PRECI ; I DM   R» V ' 1 £ 0 "■ RLI'' VMR'? i XM S S 
CQHHOH  N»FRRT»ROR 0» ? IGOf F i LP11K51 NHL ? NHL £ 1« NFR« NHL£, I..UP, 

1   XISSi IftP»KSN»KSNl»KSN2»ftK0R> Itno-'BM 
DIMEN: I DM P ■ 120) »K-St^O   > 
C0MMDM   - f Lk 1 ••■ KP. K D i PS J«PS21::-:: DB1»I •< > 1FtRS»M♦p SNI»PSN8» 

1   P L G ? XM H X.NSC'XT»PRT»TMRX 
DIMENSIDN   KP <28»5> i X D ' ££» 5) i PS 1 '• ££» 5 :• • PS8 '££ P 5 :■ - KDK1 '. ££ - 5 :• ^ 

1   P ":H 1 • 22 > 5) » PSN£ <£2» 5) i XT C41 . 5> . PHT •: 41 . 5 ' 
£03 0   FDPMPT    • 7H   IFL^«»I3) 
301 0   FDPMRT    ■ 3H   R»» El 0,4f 3X t 8H   S IG OfR«•510.4« 3X» 7H   I..H ■ P»•# €1 Ot 4» 3X» 

1      1£H   £IG0*LN<R>»«E10.4f 3Xf l?H   SIS0*RRCS1HH<'P>«»E10,4) 
3020  FDRMRT   <:3X»2H  N«5Xi2M  ViUXiSH W»llXi4H  MRi5.9X.9H  EXTPR   DB» 

1   5H LOSS') 
3 0 3 0   P D P M R T    < 2:'» 13 f 4 < 3 X :• E 1 0. 4 ;• > 
3040   FDPMRT    •   6H   SIGO*.110.4> 

IF (IX .SO. 0) PRINT 3040.3160 
PPINT 2030»IFLRb 
SR»R 
IF (NSC .EQ. 1:' SR*SIG0*SR 
LP1 = 0   PQR   PLRfiE   WRVEi   =1   FOP   SPHEPICRL.   =£   FOR   CnMFINED   PHASE» 

»3   PGP   COMBINED   NO   P'HRiE 
IF    (R   .LT.    1. 0B*20J    60   TO   10 
PLN=riLD6':P> 
IF    fLPS   .EC». 0 
IF    <LPS   .EQ. 1 
Ic   CLPS   .6E. £ 
S0LP=PLN 
IF  af:i:  .go,   i>  3OLP=SI6O*SOLP 
60   TO   11 

10 PLN=-9.99Ii9 
ü; 0LP=-9. 99E9 

11 CONTINUE 
S 0 6 P = Fi L D 6 •: P + T i S Q P T •: P ♦ ♦ £ +1. 0 D 0 ) ■' 
IF   'NSC   .EQ.    1:'   306P=SI60*306P 
IF   •:IFLR6   .EQ.   5)   60   TO   It 
IX=IX+1 
IF   (LPS   .EQ.   0>   XPaXiMV-SR 
IF   (LPS   .EQ.    l:-   XP aXi-M:> =S0LP 
IF   (LPS   .6E.   £>   XPaX.M:i=SOGP 
XD(lX»M>»fi 

16   CONTINUE 

ritL=3. 636»R0P0*P 
D B L=9. 6 8 6 ♦ (P L N+R 0 R 0 ♦ • P -1. 01.i 0 > '< 

'<   D B L = 8. 6 8 6 ♦ < R 0 P 0 ♦ P +11L 0 6 (D S Q P1 '1. 0 D 0+c' ♦ ♦ 2 ■' ■' '■• 

0 
D 
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520 C IF (HSC .60. H PRINT 301O.R?SR^RLM.SOLP«iUGP 
930 C PRINT 3020 
540 DO 30i K>lfN 
55 0 K=KS:ai:i 
56 0 K21«2*»<I-I 
57 0 K2«2*KI 
5 S 0 ' i' M -^ G=D ? Q R T < V «TK 21 > ♦ ♦ 8 ••■ V '. K S > ♦♦ 2 ■' 
590 IF '.VMHG .LT. l.OO-.E'O .DP. R . L T. l.UH-c'H-. GO TD 1, 
600 EDFL "-SO. O^DLOGl 0 ' VHRG:- -D.BL 
$10 GG TD 15 
620 12 EDBL" 9.99E9 
63 0 13 CDNTINUE 
64 0 IP 'IPLRG ,ECl. 53 GO TO 14 
65 0 IF CKl .ME. 1) GG ID 15 
660 PS 1 '■T ■■.'i M;i S'I'M'-'G 
670 xnm ax»M>*Eüin 
63 0 GG TO 14 
690 15 IF <K1 .HE. c'1 GH TG 17 
700 PS2<IK»H)«YMWG 
710 GG TG 14 
720 17 IF <KI .HE. K-SNU GD TO IS 
730 PfNl(IX»W>«VH«S 
74 0 GG TG 14 
750 18 IF (Kl .ME. KSN2J GO TG 14 
760 PSM2«IX-Mj =YMflG 
77 0 GG TG 14 
73 0 14 CONTINUE 
790 IF O-I .GT. 3> GG TO ?01 
8 0 0   C PPT NT   B 03 0 - k . Y >■ K21 > ■« V • K £ :> . VMRG»EDfeL 
810 301   CONTINUE 
820 RETURN 
83 0 END 
«t-PENO1 
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■ 

n 

I 0 0 RJNC T I DM   CF■ 11 • P < H 0* 0» S16 0 - LP I « IRP1) 
II 0 DOUBLE  PREC ISI DM  R» Rf?e 1»RRS2»Fit©»RR6M»D611E1 Ti S(?« i DEN» DNR 
IdO IF    • ItiP   .ED.    .£':•    GO   TD   30 
130 HRSN*-R0P 0♦P 
14 0 RRG1 =HOP 0*Z. OD 0 
isn RR@»RR6i#2i 000 
160 IP    'LPi    .GE.    2)    GO   TG   47 
170 IP   'LPS   .EQ.    1>   Gü   TG  46 
180 PSIi«l>EXP<RR6m 
190 GO   TO   50 
200 46  flRS2»flRSl4R 
210 DEN=P 
220    ' GO   TD   45 
230 47   HPGc^HPG 1 ♦ • 1 . ODO+F1 :> 
£4 0     ' DEM=1.0riU+P 
25 0 45   E1 T= ■: -DE I '-PPG 1) > - <- DE I ' -HPG2 > :> 
S, i- 0 i L1 R = 1. 0 D 0 + ' i IG 0 ■ c'. 0 D 0 '♦♦,£'   ♦ D E X P ■: R P G ' ♦ E1T ♦ ♦ c' 
c'7 0 Pill =DE:-::P <RPGH :• / '■ DEM*D SQPT fSQR) ) 
280 50   TD  5 0 
£'9 0 3 0   IF    >R   .LE.    O.DO)    GD   TD   11 
300 R=0. 0 
310 IF    (LPS   .EO.    {■•    R=1.0 
320 B«R 
330 H STRP= i B-P :• ♦ 1 . 06-2 
340 HMIH=';;E-R>*1. OE-4 
3 5 0 H M R X = i B - R > •■• 2. 0 
36 0 EPMR:K=1. OE-3 
37 0 KEY-0 
38 0 C RL L   ROM IS <R» I» K * FDPX J H STRP» MM IN - HMRX ^ ERMRX» RNS < KSTQP !■ KEY) 
3 9 0 10   R P G E = - c . 0 ♦ R 0 P 0 ♦ X 
40 0 IF    'LPS   .EQ.    OJ    DNI = 1.IJ 

410 IF    <LPS   .EQ.    t)   DNI=X 
4.30 IP    (LPi    .GE.   2>    DMI^QPTa. O+X^c'1 
430 POPX-EX» ':RPGE> •• DNI 
44 0 CRLL   ROM2 
45 0 IP    CKSTOP   .Eß.    l.>   GD   TD   10 
46 0 GD   TD   £0 
47 0 11   RNi=0.0 
480        ' S0   S9R2"I. O*- <SIG0•'£. 0> ♦♦£   ♦RHS**£ 
49 0 RPGM=-R0P0*P 
50 0 IF   <tPS   .EC'.    Oi    DMR» 1,000 
510 IF   'LPS   .EQ.    1•   DNR«R 
5£0 IF    <LPS   .GE.   £.)    DNP = liSQPT<l . 0ri0+P«*£:- 
530 PSI1 =DEXP ':RRGN:' S (DNP^SOPT fS0fl2' '' 
54 0 50   COMTIMUE 
55 0 FP3I=PSI1 
56 0 RETURN 
57 0 EMD 
;?.?EMD 
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